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Part 1: Partial Differential Equations (PDEs)
Part 2: Complex Functions

Textbook for part 1:
Linear Partial Differential Equations for Scientists and Engineers,
by Myint-U & Debnath, 4th edition, 2007

Textbook for part 2:
Complex Variables and Applications,
by Brown & Churchill, 7th edition, 2002
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EVALUATION
The First Mid-Term Exam 8 out of 20
The Second Mid-Term Exam 5 out of 20
Final Exam 5 out of 20
Homework 2 out of 20
Presence & Discussion Up to +2
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Part 1: Partial Differential Equations (PDESs)
Ordinary Differential Equations (ODEs):

The unknown functions are expressed in terms of a single
independent variable, e.g., t

Examples:

DF@)=ma(t)=mi () === @)= _00)
m

2) m¥ (t)+cx () +kx (t)=F(t)

Nmx (t)+ex ) +kx )+ hx°(t)=F(¢)

4 {w&'(t)+bx' )+cy (t)+dx(t)+ey ()=f (t)
g)+hx(@)+ky(@)+mx()+ny(t)=q()

Types of ODEs:
1) Initial Value Problems (IVPs)
2) Boundary Value Problems (BVPs)

3) Eigenvalue Problems (EVPs) [can be based on IVP or BVP]

3
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Part 1: Partial Differential Equations (PDESs)

Partial Differential Equations (PDEs):
The unknown functions are expressed in terms of two or more

independent variables, e.g., x and t (or x,y,z,t in most physical problems)

Examples:
O'u(x,t) 0u(x,t)
1 A —=F(x,t
) Ox * o’ (e-0)
O'u(x,t) Ou(x,t)
) A —~=F(x,t
) Ox * ot (e.0)
Ou(x,y,z,t) Ou(x,y,z,t) Ou(x,y,z,t) Ou(x,y,z,t
3) (yz I (y2 n (y2 L (yz L Py
Ox Oy Oz ot
( 2
aau(xz,t)+b Ou(x.t) Ow(x,t) ,ou(x,t) —Ow(x.t) —F (x.t)
4] ox o ‘ ¥
2
gaW(-X;;,t)_i_hau(xat)_i_maw('x’t)+nM+paw(x,t)IQ(X,t)
k Ox Ox Ox ot ot

4
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Part 1: Partial Differential Equations (PDESs)

Types of PDEs:

1) Boundary Value Problems (BVPs)

2) Initial Boundary Value Problems (IBVPs)
3) Eigenvalue Problems (EVPs)

)
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First -order linear ODE

ap(Hx(+as (Ox(t)=az(t) = x(t)

Factor of integral:

L2 X(t)= a3V _
a1 (t) ar(t)

a(t)dt

u(t=e!

= Inu=In

= |x(t)+a(t)x(t)=1(t)

1)

o a(t)dt

j a(t)dt

(2)

WD =2 [adt = £ = o) = [0 = p0a0)
dt H

dt

multiply both sides of Eq (1) by u(t) and then use Eq (2):

ux+tuax=ut = ux+ux=uf = j—t(,ux) = uf

= px=[ pfdt+C = |x()=p~ ([ ufdt+C)

The constant C 1s determined from the given Initial Condition of the problem.
EXAMPLE : solve x(t)+2x(t)=6, IC: x(0)=2

SOLUTION: a(t)=2 = Factor of integral:

J(H)=e [a(t)dt _

621‘

— :;—t(ezt X) = 6e?! = &% X(t)=I662t dt+C =3e% +C

= |x(t)=3+Ce

, X(0)=2=23+C=2=C=-1=

x(t)=3-¢

6
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Second - order linear ODE with constant coefficients :

IVP {Homogeneous equation: kix(t)+kHx(t)+k3x(t)=0, x(0)=X, x(0)=V

AN

te[0,0) Non-homogeneous equation: k;X(t)+k,x(t)+ksx(t)=f(t), x(0)=X, x(0)=V
BVP Homogeneous equation: kiu"(x)+tkou'(x)+ksu(x)=0, u(0)=a, u(L)=p
xe[0,L] ~ Non-homogeneous equation: kju"(x)+k,u'(x)+kyu(x)=f(x), u(0)=a, u(L)=4

EXAMPLE (IVP): X(t)-7x()+12x()=0, ICs: x(0)=1, %(0)=5
SOLUTION: let x(t)=e*' = x(t)=se*!, %(t)=se"!

= (s2 —7s + 12)eSt 0 — %Y 152 _75 +12 = 0| Characteristic Equation

S (s=3)(s—-4)=0->s81 =3, 55 =4 > x(()=e>",x 5 ()=e*

Superposition 4t 4t

> X(t)zclx1(t)+02x2(t)=cle3t+cze — >'<(t)=3cle3t +4cHe

principle

The constant and are obtained from Initial Conditions (ICs):

x(0)=1—"2 5 ¢ +cp=1

%(0)=5—" 3 3¢, +4c, =5

=>c =-1,¢cr=2= X(t)=2€4t e
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EXAMPLE (IV'P): X()+2x(t)-15x(t)=5t, ICs: x(0)=2, %(0)=6
SOLUTION: x(tH)= x1(@t) + x'@)
—_— —

homogeneous particular
solution solution

g H (t)+2>’<H (t)—lSXH (t)=0 —> xH (t)=e:St = |s% + 25 —15 = 0| Characteristic Equation
3

S (5=3)(s +5)=0 >3 =3, 5, =5 —Superposition | H o e
principle

5t

t-l-cze‘

kP (+2xF (0)-15x" (=5t > let x()=git+tg, > k¥ (H)=g;, x° (1)=0
— 0+2g; —15(gittgy) =5t - —15gt+(2g-15g,) = 5¢

- . -z ——i—> XP(t)Z—lt_i
- [x()=x" (y+x" (H)=c1e> +cpe™" L2 x(H)=3c¢ie>t-5¢,e™" 1
3 45 3
£ (0)=2 > ¢y toy — 2= =2
B RCEVTE 149 1
L [T T 2T 0
X(0)=6 — 3c1-5¢, ~ 3 =6
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EXAMPLE (BVP): u'(x)+4u(x)=0, u(0)=0, u(1)=3, x €[0,1]

SOLUTION: u(x)=¢>* = s? + 4 = 0| Characteristic Equation

Superposition 2ix +g26—2ix

—> 81 =+2i, sy =-2i > [u(x)=ge

principle

Euler formula : e 10

=cos@ *isinf

— u(x)=gq(cos2x+isin2x)+g(cos2x —i sin2x )
= (g1 +gp)cos2x+(ig) —igy)sin2x
%/_J . ~ J

C %)

— |u(x)=cqcos2x+cyHsin2x

u(0)=0 —>c; =0
u(l)=3 > cosin2=3 > ¢y = i
sin2
5 lu(x)= 3s1.n2x
sin2
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NOTE: If the charesteric equation has a repeated root "s j'

. . . S:X S.X 2 S.X
then the linear combination of ¢/ ,xe ) ,x e’

' of multiplicity "m",

~1 S:X .
x M7’ s

9 seey

part of the solution.

EXAMPLE : Find the general solution of the following ODE:
1(® (x)-10u®) (x)+40u® (x)-82u"(x)+9 1u"(x)-52u'(x)+12u(x)=0

SOLUTION: Let u(x)=¢e"*

— Charecteristic equation: s0-105°+40s%-8253+9152-525+12=0

(s1=1, m =3
> (s-1)°(5-2)%(s-3)=0 —> {5, =2, m =2
\S3 =3, m =1
—u(x)=cie’ +coxe’ +c3x 2e* +C4€2x +65x82x + C6€3x
o ~- J/ o ~ J ——— —
from s, =1 from s,=2 from s;=3

Copyright © by Farzam Dadgar-Rad, Associate Professor of Rational Mechanics, email: dadgar@guilan.ac.ir, Spring 2020 10
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EXAMPLE : A Boundary - Eigenvalue problem
[buckling of a simply -supported beam |
Find the eigenvalue P and the eigenfunction u(x) in
Elu"(x)+Pu(x)=0, P>0, EI>0, x €[0,L], u(0)=0, u(L)=0

SOLUTION: Let § = ,/]% >0, B2 = 21] >0 u'(x)+B2u(x)=0

Sletu(x)=e* 552+ B2 =05 =+i Bl > u(x)=asin(Bx)+6cos(fx)

(05 =0 (givesu(x)=0)
—> fromu(0)=0—->6=0, fromu(L)=0—><p=0 (contradicts p > 0)
sin(fL)=0—> BL =nr

2_2
El
BB, B, = ”Lﬂ PoP, | P, :E],B% :%Eigenvalue
L
= Ppx =
u—u,

A 4

a—>a

u,(x)=a, sin(nzx j or [u, (x)= sin(nzx ) Eigenfunction
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Cauchy - Euler ODEs are of the following form:

xMu (™ (x)+clxn_1u(n'1) (X)+02Xn-2u(n-2) (x)+...+cpxu'(x)+Feu(x)=0

The starting solution is given by

u(x)=x P

. The value of is obtained from

the charecteristic equation [see the examples].

NOTES:

1) If the charesteric equation has a repeated root "8 j" of multiplicity "m",

then the linear combination of x7i, x”i In(x), xPi (In(x )2 ..., xPi (In(x ))™ !

1s part of the solution.

2) If two roots are complex conjugate of each other, e.g., By =a +i0

and By = a —i0, then the linear combination of x% cos(6In(x ))

and x% sin(0 In(x )) is part of the solution.
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A simple proof for complex conjugate roots :
ﬁl =a+i0, ,32 =a—i0

a+if

If fi=a+i0 >uy=x —> lnu;=(a+if)lnx

e(a+i0)1nx :ealnx ><ei@lnx

—uy = =x %(cos@lnx +isinflnx)

If fr=a—i0 >ur=x*"% 5 nu, =(a-i)Inx

—>u2=e(a_i9)lnx —eInx =0y _ & oshlny —isin@lnx)

— linear combination
“U

51141 +52u2 =X (51 +52)cos¢91nx +(i51 —i52)sin01nx]

=x%[cicosOInx +cysinflnx ]
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EXAMPLE : Find the general solution of the following ODE:
x 2 u"(x)+4u'(x)+u(x)=0
SOLUTION: Let u(x)=x? = u'=px?71, u"=p(p-1)xP?
- x [B(B-)xP 21+ pxP T+ [x P 1=0
— Charecteristic Equation ﬂz +3B+1=0
34 V32 —4)) 23445
2 2
—3+/5 ~3-/5

—u(x)=cix 2 +cox 2

- p

(two real roots)
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EXAMPLE : Find the general solution of the following ODE:
x 2 u"(x)+3u'(x)+5u(x)=0

SOLUTION: Let u(x)=x? —u'=pxP~1, u"=pp-1)xP=2
—> X 2[ﬁ(ﬂ —I)Xﬁ_2]+3[ﬁxﬂ_1]+5[xﬂ]=0

— Charecteristic Equation ﬁz +28+5=0

—2i\/22 —4)(5) _ 2£i~16 _

- B = 5 =—1x2i (two real roots)

2
—u(x)=cyx -1 cos(2Inx ) +cHx -1 sin(2lnx)
_cypcos(2lnx )+cypsin(2lnx)

X
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Part 1: Partial Differential Equations (PDEs)

Chapter 1: Finite Fourier Series (ch. 6 of Myint-U)

Chapter 2: The Method of Separation of Variables (ch.7 of Myint-U)

Chapter 3: Extended Fourier Series (ch. 8 of Myint-U)

Chapter 4: Higher-Oder PDEs (chs. 9 & 10 of Myint-U)

Chapter 5: Fourier Integral & Inf Fourier Transformations (ch. 12 of Myint-U)
Chapter 6: First-Order PDEs (ch. 2 of Myint-U)

Chapter 7: Classification of Linear Second-Order PDEs (ch. 4 of Myint-U)

16
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(9 SIS i J)

VECTOR SPACE :
Let X be aset and K be a field of scalars (either the set R of real numbers
or the set C of complex numbers). Then X 1s called a vector space (or linear space)
if it has an operation + called addition, an operation of multiplication by scalars,
and satisfies the following axioms:
I. for allu, v in X, and scalars a, ¢, au + cvis also a member of X
2. ut+v=v+uandu +(v+ w)=(u+v)+wforallu v,w in X
3. there is an element 0 of X called the zero element that has the
propertyu + 0= u for allu in X
4. for everyu in X thereis an element -u that satisfies u + (-u) = 0;
then by the difference u - v we understand u + (-v)
. (ac)u = a(cu) for all scalars a, ¢ and for allu in X

5
6. (atc)u = aut+cu, and a(u+v) = autav for all scalars a,c and for allu,v in X
7

. 1l-u = u.

17
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SOME TYPES OF VECTOR SPACES
(listen to oral explanations)

- Metric Space

- Normed Space

- Inner Product Space

- Banach Space (complete normed space)

- Hilbert Space (complete inner product space)

18
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VECTOR SPACE
Example: R>=RxR={(x,y)| x,y €R}

1 0
Basis Vectors = {i, j}, i= {0}’ j= {1 }

Inner Product of Basis Vectors: i.i=j.j=1 Lj=Ji=0

[l

x=V.i y=V.j

19
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VECTOR SPACE
Example: R” = RxRx..xR={(x1,x5,.x,)| x; eR, i =12,..,n}

Basis Vectors = {e},e,,....e, |

Inner Product of Basis Vectors:

ej.ep=er,e,=..=¢,.e, =1

ej.e) =ee3=..=er.e, =0,....
1 if i=j

el' .ej :51] = 0 ] ] )

if i#]

n
V=x1e1 +X2€2 +....+xnen = le-el-
[ =1

X1=V.el xl- :V.ei

20
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VECTOR SPACE

Example: Space of polynomial functions of the maximum degree n on
the interval I =[a,b ]| witha,b € R

0

Basis Vectors={1=x",x,x,...,x "}

n

V=P, (x)=col+cix +cyx 2 hoHCpx

n

One may use the Gram - Schmidt algorithm

to obtain orthogonal basis functions

(beyond the scope of this course)

Definition of Inner Product in Function Spaces (weight function=s(x)):

b
(f (x),g (), = [ (x)g(x)s (x )dx

b
sG)=1= (f (x),g(x))=[f (x)g(x)dx

21
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Periodic function of the finite period T=2L
f(x+T)=f(x+kT)=f(x), keZ={0,%£1,%+2,....}

Example: A periodic function /" (x ) with

T =2r E /E i /
\ =2, =7 10 T 2T :
Piecewise Continuous Function: | | | | : | :
contains finite number of discontinuities
Example: A function f (x) over I/ =[0,1] which is NOT piecewise continuous
l1if xeQ
fx)=4_"
0if x 2Q
22
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VECTOR SPACE
Example: Space of piecewise continuous periodic functions

sin(2pi.x/L)
sin(pi.x/L)

of the finite period T=2L made by the basis functions

sin(ee pi.x/L)
l,cos(nﬂx),sin(nﬂx) with n =1,2,...,0
L L

Basis Vectors = {l,cos(nzx),sin(nzx )}, n=12,..,0

> ap X 27X 0 T X
V=f(x)=—-1+acos| — |+arcoS| —— |+....+a_.COS
f(x) 5 | (Lj 2 ( T j %0 ( [ j

+ by sin 2 +b,sin 27X +....+ by sin e
L L L

Fourier series of a piecewise continuous periodic function f (x )
with period =7 = 2L

f(x)zf(x):a70+élancos(nzxj%nsin(nzxj

/// cos(2pi.x/L)

cos(pi.x/L)

23
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Orthogonality of basis vectors (basis functions) in Fourier Series

Inner Product of f(x)and g(x) with the weight function s(x)=1over I =[0,T]
T =

(f (x),g(x))=(g(x)f (x))= .[f@mqu

if <f (x),g(x )> =0 = wesay that f and g are orthogonal

BasisVectors:{l,Cn,Sn}, Cn:cos(nzxj, Sn:sin(nﬂxj, n=12,..,0

L
(1,1)=2L
(LC,)=0
| (1,S,)=0
orthogonality of cos 0 (v N
basis vectors << n:Sm)=0 (Ym.neN)
_ L if m=n
m,n=1,2,3,...,0 |/{c c V=4 —
< " m> e {0 if m#n
L if m=n
S, .S, )=0,,L=
< 7 m> e {0 if m#n
Exersice : prove the above-mentioned orthogonality relations. o4
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RECALL : Fourier series of a piecewise continuous periodic function f (x)

period =T =2L
X . (nmXx
j+bnsm( r J (*)

How to determine the coefficients {ag,a,,b,}?

- To determine ay, we calculate the inner product of both sides of (*)

f(x)zf(x):ajol+ iancos(n
n=I

by the basis vector (or the basis function) "1"

(f,1)= “70<1,1>+a1 (Cp)+ . +b (S7,1)+

:>a0—

Li 1 £ (x )

25
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- To determine a ,, we calculate the inner product of both sides of (*)

by the basis vector "C "
<f,Cm>: a70<1,cm > +a <C19Cm > +...tad,; <Cm—1>Cm>+ a,, <Cmacm>

+4a,, 11 <Cm_|_1 C >+...+b1 <S1,Cm>+...

=a, = 1(fc T_[sz(x)C dx
L x =0

or |a, = 1<fc L szf(x)c dx = — jz f(x)cos(nﬂxjd
L L

SIMILARLY (calculate the inner product of both sides of (*) by "S,,"):

1 T F=2L . ([ nrX
b, = L(fs j £ (x)S dx——x_L)f(x)sm( 3 )dx

26
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Fourier series of a piecewise continuous periodic function f (x)
with period =7 = 2L

f(x)zf(x):%)1+ i ancos(nij+bnsin(nzxj

n=1
e A rl 1
a
k 1 (7T =2L 1 (T =2L nTX
<an>=zx20 S (x)1C, >dx:Zx=O f (x)4cos > dx
b, S,
ﬂn(nﬂxj
. L J

EXAMPLE1: obtain the Fourier series of the following periodic function:
for I =[0,T =2r]:

Ui x e(0,7]
f(x)_{—1 if x e(r,27]

| [ | |
| | | |
| | [ |
| | | |
:—291 :—JI 0 :n Zar: X
| [ [ |
| | | |

27
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T

h|>—‘

x =0

T =2L T
I I (x)C,dx —;[Icos(nx)dx — I cos (nx )dx

0

T

0

b, :Li I f (x)S,dx :%[J.sin(nx)dx — I sin (#x )dx

= i[l—cos(mz)] =

nri

> (x)~f(x)= ibnsin(nzxj
n=1

- i i[1 —(—=1)" Isin (nx)

T

S

=2 27
f S (x )dx _—jf(x)dx - — jldx—fldx
0

- (-1)"]=
T

0

_L[cos ()] = cos (nx)‘iﬂ }

nri

0 if n=2k (even)
A =2k —1 (odd)
nriw

28
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Graph of f(x) for truncated series :

A

The GIBBS phenomenon

29
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EXAMPLE 2 : obtain the Fourier series of the following periodic function:
for I =[0,T =2]:

0 if x e(0,1] ly
f(x):{1 if x e(,2] B |

2 -1 01 2 3 x

Li :j f(x)dx == jf(x)dx_[j0dx+j1dx]

x =0

=2L
a, = 1 _[ f(x)C,dx = [fOxcos (n7x)dx +I1><cos nﬂx)dx]

x =0 |
:Lsin(nﬂx)‘2

=0
ni 1

30
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1T=2L 1 1 2 1 )
b":Z _[ 1 (x)S,dx =1[_[O><sin(n7zx)dx +I1><sin(n7zx)dx :—Ecos(nﬂx)‘l
x =0 0 1
i i 0 if n=2k (even)
=—11- =—[-(-D"]=1 -
el eos(nm )= ll= (D] =2 i =2k —1 (odd)
nm

= f (x)zf(x)z%)+ ibnsin(nzxj

n=1

I &1 " s 2 )
_E—HZ:JIE[I—(—I) Jsin(nzx)= ) kzzll 2k —Dn sin ((2k-1)x)

NOTE : The function f(x) is discontinuous at x € Z, but f(x) 1s continuous everywhere!
At x=0 let 4= lim f(x)=1, B = lim f(x)=0,

x—>0" x —0

0 @)
F)y="- 2 sin(0)=2=2*5
2 =2k D 2 2
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Finite Fourier Series alao 4488 g 2Jof Jcd

THEOREM : Let x( be a point of discontinuity. If

A= lm f(x) and B = lim f (x) then f(xo)=A+B
XX, XX, 2
‘ »
0 20 X
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Finite Fourier Series alao 4488 g 2Jof Jcd

o0
Proof: consider /" (x ) zf(x )= a70+ Z ancos(”ijwnsin(’?zxj

n=1
=>at X =xg =Xp—&:

A= lim f(x)= lim {azo+i“"COS(W(XS_8)j+bnsin(””(xo_g)ﬂ

X =X, e—0 n=1 L

=>at x =x8=X0+8I

B= lim f(x)= lim {"2% iancos(nﬂ(xﬁ)+8)j+bnsin(nﬂ(xﬁ)+8)ﬂ

X —Xx, e—0 n=1

expand the right-hand side of the above two relations and use

lim cos (%) =1. Then add the resulting relations to get

c—0

0 0]
A+B=2 {a;)+ Z a, Cos(mixo j +bnsin(n7ixo ﬂ = 2f~(Xo)

n=1
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Finite Fourier Series alao 4488 g 2Jof Jcd
EXAMPLE 3 : obtain the Fourier series of the following periodic function:
for 1=[0,T =2]: f(x)=x?

L=T/2=1
T 2
1 17 » 8
ao—z I f (x)dx =Ijx dx =3
x =0 0
! 15,
a, :Z If(x)Cndx Ijx cos(nﬂx)dx
x =0 0
2
= —2sin(n7zx)+ 2% cos(nmx)— 2 sin (n7x) =(i)2
N n27T2 n37r3 0 niT
! 14 5
by = jf(x)sndx —Ijx sin (nzx )dx
x =0 0
D) 2
. cos(nmwx)+ 2% sin (n7x )+ 2 cos(nmwx) _
- 22 3.3 iy
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Finite Fourier Series also 43,99 s 2J9! Jod

nw

- 4 |12 4
SfE)rf(x)=—+ ), [(j cos(nﬂx)—sin(nﬂx)]
3 | \n7m

A= lm f(x)=4, and B = lim f(x)=0

x —>0° x —>0"
= f(O):A;B =2
Put x=0 in the Fourier series given above and note that f~ (0) = 2, then
2 00 2
- 4 | 2 4 1
0)=2=—+ —— | cos(0)——sin(0) |= =
f(0)=2== le[mj (0)-— ()} nZ:lnz -
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Finite Fourier Series alio 43,49 5w Jo! Jad
PARCEVAL Equality
Let f(x) and g(x) be two piecewise continuous functions of the same period T.

Then the Fourier series of f and g is given by

fo)y=fx)=204 i ancos(nzxj+bnsin(nzxj (1)

2 n=l1

ah < nITX nITX
g(x)zg(x):—0+2a,llcos( j+b,ﬁlsin( j (2)

2~ L L

Calculate the dot product of both sides of (1) by g(x)

(f2)="(1.g)+ i;lan (Cog) +by (S,.)

But we know that (1,g)=Lay, (C,.g)=La,, (S,.2)=Lb,

1 T 1 [/ = ! 4
= fjo S ()g (x )dx =—agag + Y (ayay +b,by)
n=lI

T o0
Let g =f = Parceval Equality LLJ‘O f 2(x )dx =%a§ + Z (a,% +b,3)
n=l1
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Finite Fourier Series also 43,99 5w 2J9! Jod

EXAMPLE 4: Apply the Parceval Equality on the function given in EXAMPLE3.
T=2,L=1, f(x)=x°for x €[0,T]

3 ni niw
2
T ) (2. 4, 1 s~ 32
Iof (x)dx—IOx dx—sx 0—5
: 1 T .2 1 2 <, 2. .2
Parceval Equality : Zjof dx =5a0 +Z(an +b,))
n=l1
2 o0 4 2
1221(§j +Z (i + _i
1 5 2\3 — |\ nrx nrw
n=l1
© 1 71_2 © 1 71_4
Recall — = —=—
Tl T
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Finite Fourier Series also 43,99 5w 2J9! Jod
NOTE : Using the trivial change of variable x=y or x=z:

b b b
[ f@dx =] fdy=[_ f(z)d
= V =a zZ =a
PROPOSITION : for a periodic function f(x) and the scalar a we have:

T T +a
Jo /@ =] "7 f ()
PROOF :recall that

L];f(x)dx =j:f(x)dx +Lbf(x)dx

= [ (o =J§f (x)de+J§f(x )de+J;+“f ()
I I, I

1 2 3

Consider the latest term :

T
I3 =I :Taf (x )dx = apply change of variablex =y +T or y =x —-T

=Iy=[ Cfode = [ 1@ vy )y = o/ Oy = [ f Godr =1y

f (x)dx

Yy
T +a T
:ja foyx =1 =]
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Finite Fourier Series also 43,99 5w 2J9! Jod

APPLICATION IN FOURIER SERIES :

T L
Let a=-L = jo F(x )dx =j_LF(x)dx

-

ao\

1 ¢7T=2L

=L S

"

|
1
C
S

n

n

f(x)zf~(x):a701+ iancos(

n=
-

niwx

L j+bnsin

1oL
>dx=ZI_Lf(x)<

\
p—

J

Fourier series of a piecewise continuous periodic function / (x)
with period =T =2L

%)

I/lﬂ'Xj

>dx
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Finite Fourier Series also 43,99 5w 2J9! Jod

If f(x)isevenin[-L,L] = b, =0

Fourier series of an even function in [-L,L]

f(x)zf(x):a%hrglancos(nixj

a 2 ¢L 1
{an } :f-[x :0f (x ){Cn }dx

If f(x)isoddin[-L,L] = ay=a, =0

Fourier series of an odd function in [-L,L]

()~ f(x) = ibnsin(nﬂxj
n=I

L

2 (L
b, = ij S ()8

EAMPLE: Recall EXAMPLEIL.

Consider f(x) as an odd function in [-rt,xt].
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Finite Fourier Series also 43,99 s 2J9! Jod

Fourier series of the function f(x) defined on [0,L]

COSINE Fourier series of f(x) in[0,L]
based on the function F(x), which is even in [-L,L]

F(x)zﬁ(x){%ou i ancos(nzxﬂ
x eR

n=1

/)= @) =FE| {azolJrZacos(nZXﬂ
[0,L]

1
a 2 ¢L 1
{an } ) L_Jx :()f . ){Cn }dx

SINE Fourier series of f(x) in[0,L]
based on the function F(x), which is odd in [-L,L]

F(x)zﬁ(x){i bnsin(nzxﬂ
n=1 x eR

- - nXx
f(x)zf(x):F(x)‘xe[O {Zb sm( L ﬂ
[0,L ]

1

2 (L
b, = fjx VACONE
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Finite Fourier Series also 43,99 s 2J9! Jod

NOTES:
1) It is possible to obtain the sine and cosine Fourier series for a function f(x) defined on [0,L].

2) The value of sine Fourier series of f(x) is always zero at x=0, while thevalue of f(0) may be

nonzero. So, the sine Fourier series of f(x) generates incorrect value for f(O).

3) The value of cosinee Fourier series of f(x) is equal to

the value of f(0).So, the cosine Fourier series of f(x) generates correct value for f“(O).

EXAMPLES: Consider the function f(x)=1+x defined only on [0,1].

Obtain the sine and cosine Fourier series of f(x).

Solution:
1 - COSINE Fourier series of f(x) in[0,L] with L=1.
_ 2t l+x)dx =3
aO_T x=0( X )dx =
- o1 if n=2k
a, =" (1+x)cos(nax)dx == (-costnz)) | _,
1 Jx =0 (nﬂ)z 7> if n=2k -1
n°m
- 13 = —2(1-(=D"™) nwx
f 0] = | F1H X 5 5 eos| T
n=l1 x €[0,L]
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Finite Fourier Series also 43,99 s 2J9! Jod

2 —Sine Fourier series of f(x) in[0,L] with L=1.

-2
—  if n=2k
b, ZEJ.L (1+x)sin(rnzx)dx = 2(1=2cos(nm)) =7
Loe =0 i o if n=2k-1
\nT
s e 20-2(-D") . (n=x
fey=feof = X sm( - ﬂ
n=1 x €[0,L]

NOTE : If f (x)is abasisvector,itsFourier series is equal to itself .
EXAMPLE : If L =n,then the Fourier series of f (x)=sin(2x ) is

~

f (x)=sin(2x).

43
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Finite Fourier Series also 43,99 s 2J9! Jod

COMPLEX FORM OF FOURIER SERIES
et = cos(0)+1i sin(0)

Recall the formula of Euler: .
e 19 = cos(0)—i sin(0)

s c0s(0) = < (e'® 1e710).  sin(0) = ——(elf —e 10y = Zhei0 _ i)
2 20 2
For the case of Fourier series, let 0 = nwx
- a > 4
f(x)zf(x)=701+Zancos(ﬂnx)—lrbnsin(ﬂnx), ﬁ:f
n=I
CZO 1 1
1 ¢7T=2L 1 ¢L
a, =fjx:0 f (x){cos(Bnx)pdx :fI_Lf(x) cos (Bnx )pdx
b, sin (Snx ) sin (B nx )

Copyright © by Farzam Dadgar-Rad, Associate Professor of Rational Mechanics, email: dadgar@guilan.ac.ir, Spring 2020

44



Finite Fourier Series also 43,99 s 2J9! Jod

=70 ()= D1 Y Dt A e )4 on (i By _ =i pnx

b 2 21
0.0]
a
:—01+Z (a —ib )el'anJrZ—(a +ib,)e" i fnx
2 n= ];_v___z n:];__v___z
Cn Kn
S S

C, :%(a —ib )——j f (x)(cos(Bnx )—isin(Bnx ))dx :ij‘gf(x Ye "1 A gy

K, —%(a +ib )——I f (x)(cos(Bnx )+isin(Bnx ))dx :ﬁj‘gf(x)eiﬁnxdx
=>K (_p) = %(a(_n) +ib_y)) = EIO f (x)(cos(=Bnx )+isin(—fnx ))dx
—%TLffwx)[cos(ﬁnx)—ign(ﬁnx)]dx::EETﬁff(x)e—fﬁ”de::Cn

@ . _1 . _1 .
S2:ZKn€_l’an _ Z K(_n)ez,an _ Z Cnez,an

n=lI n=-—w n=-—o0
ao i fnx i fnx
=7/ (x)~f (x)= HZC@ -+ZCe
n=—0o0
_f_ s,

1 2
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Finite Fourier Series also 43,99 s 2J9! Jod

ag _ 1 T
EY; jof(x)dx

_ LT _iBxx0,. _ 4
CO—EJ-Of(x)e dx =1

= all coefficients can be expressed as C,, with n € Z

.nmwx
+1

f(x)=f(x)= > Cpe L

.nTX

1 T —i
- L
=(Cu =+, jof(x)e dx

or
.nmwx

1 L - =
_ L
Cp =7 j_Lf(x)e dx

COMPLEX FOURIER SERIES

or

COMPLEX FOURIER SERIES

.nmwx

f)af(x)= Y Cpe L

o0

1 T +inzx
anzj‘of(x)e dx

or

.nmwTx

1 ¢L +i
_ - L
Co =57 j_Lf(x )e dx

T L
NOTE -[0 F(x)dx :J-—L F (x )dx for any periodic function F(x ) with T=2L
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Finite Fourier Series also 43,99 s 2J9! Jod

EXAMPLE : Obtain the complex Fourier series of a periodic function f (x)
withT =2and f (x)=e” in [-1,1].

.nmwTx

1 L —1 I ¢l _;
= — L — X InNT{TXx
C, 57 J.—Lf (x )e dx 5 J-_le e dx

_ lJ‘l e(l—inﬁ)xdx _ l 1 |:e(1—in7z)x :|1
-1 2 1—inn ~1

2
:l. 1 |:el—in7r —einﬁ_lJzL. 1 [elxe_inﬁ—einﬁxe_lJ
2 1l-inrx 2 l-inrx
eI — cos(nm)tisin(nz)=(-1)"
N ) L 1+ .
e, =D eme  CDT Gy = 2T iy sinnq
l—inx 2 l—inx 1+n2rg?

= f)=f(x)= Y L%.(—l)”.sinh(l)e”””x

n=—olt+n’mw
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Olows 5 0 95 Ol

ngﬁ.: ] wjf‘)\}f(x,l? djja Jo—‘j‘}.: obﬁmiéjﬁﬁ;&ﬁ‘_;:w)y\#supjﬁ
mﬁ)@me(x,Obbéa.anA)J&&s

sin(a) = tan(a) = a = %y
p(x), T{x) ox
2
da=%ac =9 g
0x - Ox
2
a+da = 8y Y dx
0x Gx

T 011 amj i (T +dT )sin(a +da)—-T sin(x)
3yq‘x,l} \ 82
L -. | (%) &y(x,:_}dx Hfdx = pdx ot
dx dx?
! |
T(xj | 1 dT = a—de
I L ox
x xtdx sinla +da)~a +da

Copyright © by Farzam Dadgar-Rad, Associate Professor of Rational Mechanics, email: dadgar@guilan.ac.ir, Spring 2020



Olow 5 0 95 Ol

el 55 Oy &S > fedl s slae a3

oT 3%y .
dTd a = — (dx )" =0 (higher —order term)
Ox Oy 2
2
General PDE i[T (x,t)M]Jrf :ﬁ(x)8 y(x,t)
a.x a_x 8[2
' a2)’(3691) _52y (x,t)
if T =constant= T 5 +f =p .
Ox ot
2 2
if f(c,)=0 = 7192 yb;»f):ﬁa y(;c,t)
Ox Ot

= | Vu —Czyxx =0 |wave equation

/T : :
¢ = [—:Transverse wave propagation velocity
%)

.ssjf@d;;ﬁcy dolas 4 50 adoe Ao U Jsb Olals )l oS > ol as dsles aSs aal
el Sglize UG L S Vsles opl 3 € ol ki
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Olows 5 0 95 Ol

» (NBC) ank 50 b5 5V g5y » (BBC) ol (50 b5 tghm Bl sl
Lgl.@.‘;\JS\ 255 o alb u\bbuj.:ay/ax u)}mywéw\Tey/ex .93
Jj}jts‘)f‘b"‘f"’)‘ff JyM‘j}T_OétSw\ﬁchJb‘ QLQ..M«.:‘)

Cf)‘ Ce\j).uﬁb_,\ﬂ el sl eoedalinayox 3y 3l LSS L@.:\)JASJ\.:)‘J
Mb o A C;..:Ux:lszo )Jés&w‘) S P ‘19'3.‘}"‘;' e
@x =0 — »(0,t)=0
@x =1 —> y{,t)=0
ST omwﬁg&@x:lﬁj@UXZOJJASLS\@LSJ',A Lyl &l

f(xt)

t')}’fx,_{i dx
9% |y=I

i

@x =0 — y(0,1)=0

@x =1 — T%|x:l +Kyl,_; =0 > Ty (I,t)+Ky(l,t)=0

51
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(Separation of Variables) b wio 5 jliv> g,

1l i ol s s
8 I(1) 5X(X) mly o pialol opsm LU Ol S 352 0 55 (1 4o

u(x,)=X(x)I(1)

U s 0 e &S qoled s e 5 T(1) X(X) Jsezme w5 b csdn sla o8
AL Aal

2R il Gl ool el s doles Jsgzme u(X,),2,0) L (X)) S)alin sk 4o g
Wl g o sl O s bu[)\j:.gésjﬁid»
u(x,y)=X(x)Y(y)
u(x,y,z,)=X(x)Y(v)Z(z)1(1)
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(Separation of Variables) b wio 5 jliv> g,

Shestizal U1y (X(x) ca) O 4 w\j CL ol sl U(X,7) dslree Jggmms ST(Y o g0

0% 9 tb—oj.:j )\J\Ju A.SL.MA&.: M M.l}-]o u.:\ BE V.Msu.o uM.x.: S P .19_:\}.»
=S s J> I, Sturm-Liouville dles -3kl | (eigenvalue problem)

Sl ISl (Y1) 5 X(x) b)) asl 0 &b Jseme b 95, Sliasg
Lils SKad (65, b\ﬁ)\wﬁ\ v.,)j\ o S Sl SKan (60 al 5 glyls
)\u,wc\j.::)j,a); MM‘?W\M‘\SJJSOJM‘LS‘)LANLSLAMJ‘JJL:

M‘&Aw&oﬁj)\w&w‘)})\cb.lqli\'évgbmﬁ\j}ﬁwjb

IS8 U 5 ol s BB Y o bl (T(1) a5le) idmy 26 SIS JSCa (F 4o o
Sl JS IS 53 Jyeme ul b G S el o ol 3 LT o U

o i b s adsl Ll Sl eslinad LY e e 53 sdel 3 g Jpgme ol (F alo o
Al o s Ll ol eslizal O 5SG a8
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O, liles ) Je —(Separation of Variables) b wio (g jlwlvne g,

5 Olomy S el 0l ol SlS 1 Jkay e, sleml 53 4S5 5 (Jbe
QMJCJLJ&L’JJ\ UJL&AM@\ ujbmjwu)jobfoa
J'.’.) C_J)M Jlos LS)J.A j@"fﬁjdﬁjj‘ .la.i‘]& 4(PDE> LS‘ o)L; Jf:"“"‘jg'.’.'} Jslese J}-

o) T
Vi =€ Vxx =0, C:\/;
0
=0: y(0,£)=0
BCs 1 @X y(0,1)
@x =1[:y({,t)=0
l);Z for Oﬁxﬁé
I @t=0: y(x,0)=h(x)=A (l ) l
> 5L~ for —<x <|
- ([/2) 2
(@t =0:y,(x,0)=0
54
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O, liles | Je —(Separation of Variables) b wio (g jlwlne g,

y(x,t)=X (x)T ()
‘)J y:XT QJ‘J‘)‘J} L: X(X) LS‘]’ J&- 39 o‘}ij ‘)‘J\ie ‘de.A wﬁ.x.? (Y 41’}0
:w\smA\j}XTﬁwéJLQJJSMJW\JJ&»

') _ . X'()
T@)  X(x)

T =c*X'T —

(T"(t)-2T(t)=0
") :C2X”(x)zl N () A(t)
T () X (x) X'"(x)——X(x)=0
\ c
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O, liles | Je —(Separation of Variables) b wio (g jlwlne g,

o) o s by e 53 X(X) Gl 1 al b (550 il 2 (5

1(0,0)=X (0)T(¢)=0 — X (0)=0
y(.)=X()T({)=0 — X(1)=0

3 e dal g 3 Oy s (Sturm-Liouville) o5 9 5ldde dlas Colg 5o

X”(x)—cizX(x)zo, X(0)=0, X(1)=0

342 g @bwﬂ&\ﬁjspmtxj.)\il{d_?w\ 2! dj-@-?""}“é‘fﬁ
Jw&duwﬁé‘f‘)oﬁj)‘mdw.libJ\.i‘dd

A>0, A=0, A<0
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O, liles | Je —(Separation of Variables) b wio (g jlwlne g,
s mﬁ\jﬁ-X(X) Sl Ol 53 S s LA=02>0 :Js I

2 a a
X”—(ﬁj X=0>X(x)=Aec +Be ¢
C
(s J g BB S s 2 O(00) sl i mul w650 Ll 3 sl L
(X (0)=0>4+B =0
4 o .

X (I)=0-—>A4ec +Be < =0
—->A4A=B=0 > Xx)=0 >yx.,t)=XT =0

S A a5 S X(X) Jo Sopanl 03 S ki LA=00 s D
X"x)=0 —»> X(x)=Ax +B o It BB et
X (0)=0—>B =0

{X(l)zO—)A:O
57
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Oloes, liles ) Je —(Separation of Variables) b wio (g jlwlna g,

sl mﬁ\jﬁ-X(X) Sl gl 53 A S s A =—0 2 <0 g S

2
X"+(9j X =0->X(x)=4 Sin(QX)-l-B cos(gx)
c c c

(X (0)=0—B =0

< if A=0Xx)=0>y(x,t)=0
X()=0->A4sin(Z)=0-
C

it sinZnH=0-2L1=nz
C C

o nme :

SN == n=1,2,... (eigenvalues)
X=X, Nnx

_ A=A X (x)=A4, sin( [ ) (eigenfunctions)

s o el olb s e Quw%\ﬁlﬁéupu- JL:» el o) e
MUZL’JJ\LQLAJ}AJ.{JLAXHJ fo.;.,.la

\)&xﬁ,.laébb &S}j@bﬁ&@co}jﬂ@ djLMJ}-)J cJ.<.3.J C))L:.P 4.3~2Y e
v.i\ 0.3)‘9‘ Cn o

o8 Colgn e (ool (CONEINUOUS) 4t 5o i K ol &S el Y s

-

33 sl s g0 IS8 ol 5 b
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O, liles | Je —(Separation of Variables) b wio (g jlwlne g,
ool Lo @ 5y e Calgn oS bl 51l o T(H) e & J (F dlo g0
il el 55 T(1) Colgn

T E]—'17

=T"+0T, =0T, (t)=C, cos(wt)+D, sin(wt)

= yx,t0)=), X, (x)T, @)

= C::lAn {C, cos(w,t)+D, sin(w,t)} sin(nﬂx )
AC =c,, AD, =d,
y(x,t)=)," {c,cos(w,t)+d, sin(w,t)} sin(22)
oy (x,t) oo . . NTTX
y,(x,t)= e = anl ®, {—cn sin(w,t)+d cos(a)nt)} sin| l ]
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5l s 4l Lol 5 511 Jsgemes a0 L - (F 4> 50
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y (x,0)= h(X)bz i nsm(nﬂx) l l
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(1/2) >
Y, @,0=0=>" d .o, sin(””x) 0=[d =0

ot 5 20 o Uy A e g 05 5 o Sl B -

hx)=Y" h, sm(””x :—j h(x)sm(””x)
j Lox S n(mrx i + j 2(1 x)5sm( i
85 . g |n=k 85 T 85(—1)""!
h = sin(n—)| = h,, , = sinf(2k —1D)—1=1|h,, , =
) k-1 (=1 s 2k -1’7’
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O, liles | Je —(Separation of Variables) b wio (g jlwlne g,

= 2 Sin(mlrx )=h(x)=) " h, Sin(mlrx )
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R g ’ " ontn’ 2
85(_1)k+1

Corg =My = 2k —1)27Z2

e 85(-D et _\TIX
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242> 99
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03 S (G5 o S A S K o 1) Jsb s e ol 5 pled L gl dl
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Zmﬁb T

Fgwhbrum
. poOSHION sl
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b 7 d_id
v —-‘ dx F— ermaaly :
{ "—T{fl
o4 14 e+ il

['—1 (dx +du)—dx Ou
[ dx ox
o=F¢, P=Ac=FEAc¢

E =

- P(x,t):E(x)A(x)%
X
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uu,o@,bomw,'

OP oP 0’u
dP =—dx = —+f = p4
X Ox S =p ot*
C;M‘J.i) Q)M‘LL:AL;}J& CJL;L&Z)\ J.wv.;‘j;z.:b A.SJLX.A‘\}:::J‘)J
2
General PDE = |-2-[E ()4 (x ) 24D, ¢ 2 5y (x) ”(x 2
Ox ot 2
| 0%u (x ,t) 0%u (x ,t)
if EA =constant= EA 3 +f =pd 5
Ox ot
2 2
i rt)=0 = EAZ ”(xz’t)sz g ”(’;’”
Ox ot
= |uy —czuxx =0 |wave equation

c = |— :longitudinal wave propagation velocity
Jo,
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P 55 » NBC) b 5,0 byt su s, 2 (EBC) Jol (g5 b2 35550 bl g
S Ll s im0 kil 5 3l g0 3 s el Q’Y;szau/axo)f@’ﬁjwéwj
Ates b g5 5l Ly s 8 il gl o sdalie 2U/PX s U 3| S 5 L)

sl ol ol X=1 5 Xx=0 5 &S Gl e 63 0 Lol ji ks

@x =0 —> u(0,t)=0
@x =1 —>u(l,t)=0

sl sTx=l s 5 cubx=0 S gl i (65,0 bl ol

@x =0 —> u(0,£)=0
@x =1 %EAZ—zx:l:O% u, (1,t)=0

L Fy s Cou X=1 5 5 ColbXx=0 5 oS gl das (65 0 ool 5 il

@x =0 —> u(0,£)=0
@x =1 — EA@x:leO — u, (I,t)=  __f7
Ox E(DA(I)
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il s o O oy K sen b 0 &Ko X =1 5o 5 calbx=0 55 S Gl b (g5 50 Lol 13 1 le

@x =0 — u(0,£)=0

K
@x =1 — (EA—)‘X _] = _K”‘x:l > ux(l,t)+E(l)A(Z)u(l,t):O

QU/IX s U 3| oS5 Sy X7 g5 b (30 Lo oS 350 e sdalie (3 Jle s

s O 5oy M & or 55 XF] 53 5 S X0 55 S G oo (55,0 ail 3 e
ZML;oM

@x =0 —> u(0,1)=0

0°u M
@x =1 — (EA—)\X ;= —Ma—z\x:l - ux(l,t)—i—E(Z)A(l)uﬁ(l,t):
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5 SolKe ol il edd ol SelS 1 Uk (ol abe slesl 5s S o5 (Jw
S 5 M) oI5l olulr d=0 Ol 3 apls (55 b s Jsb 3 1) e ada
e SLal ) doles s ol Cgllan 33 5 s Jlasl s Ll ples  g(X) 45!

A.SLWA LS)J.A .]a_:‘jw 9 d}‘ Ja.:‘jw c(PDE) LS‘ oj‘.g: J.w‘jﬂ.:.) d.S.)Lx,o V..:)‘J 4}}.: ‘J&b‘ J}-
Al e ) D) s

Uy —Cc Uy, =0, ¢c=_|—

B {@x =0: u(0,¢)=0
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@t =0: u,(x,0)= g (x)

66
Copyright © by Farzam Dadgar-Rad, Associate Professor of Rational Mechanics, email: dadgar@guilan.ac.ir, Spring 2020



S olils )l Jie —(Separation of Variables) b o (g jlwloa gy

ux,t)=Xx)T@)
DL MZXT QJ‘J‘)‘J.; L: X(X) LS‘J" J)- 9 o‘}ij ‘)‘J\.E.A A.SL.«.A J&x.? (Y 41’}0
rls m.m\jﬁ-XTﬁ b b 03,5 s 3 ol dslas

T'(1) _ 2 X'(x)
I(t) X(x)

"X =c*X'T =

(T"(t)-2T(t)=0
") :C2X”(x)zl N () A(t)
T () X (x) X'"(x)——X(x)=0
\ c
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S olils )l Jie —(Separation of Variables) b o (g jlwloa gy

o) o s by e 53 X(X) Gl 1 al b (550 il 2 (5
w(0.0)=X (O ()=0 = X (0)=0
u(l.H)=X T ()=0 = X(1)=0

3 e dal g 3 Oy s (Sturm-Liouville) o5 9 5ldde dlas Colg 5o

X”(x)—ciz)((x)zo, X(©0)=0, X()=0

342 g @bwﬂ&\ﬁj;yimtxj.&l{d_?w\ 2! dj-@-?""}“é‘fﬁ
Jw&duwﬁé‘f‘)oﬁj)‘&édw.libJ\.i‘dd

A>0, A=0, A<0
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S olils )l Jie —(Separation of Variables) b o (g jlwloa gy

s mﬁ\jﬁ-X(X) Sl Ol 53 S s LA=02>0 :Js I

2 a o
X”—(ﬁj X=0>X(x)=Aec +Be ¢
c
s U3 B S oy UXGY) Gl o ol 550 Bl 23 Jlesl b
(X (0)=0>4+B =0
) (04 (04

~%

X (I)=0-—>A4e¢ +Be © =0
—>A4A=B=0 > Xx)=0 Du(x.,t)=XT =0

SMM“}}-J.?JQ)MX(X)&-Q)M‘)JJ%J:..{Jjb.:).)bkzo :fjb&t}
(s J g3 B a5l

X"x)=0 —> X(x)=Ax +B
X(0)=0—>B=0
X()=0>41=0
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Sk olils )l Jie —(Separation of Variables) b wiio (g jlwloa gy
sl mﬁ\jﬁ-X(X) Sl gl 53 A S s A =—0 2 <0 g S

2
X"+(9j X =0->X(x)=4 Sin(QX)-l-B cos(gx)
c c c

X (0)=0—>B =0

if A=0oX(x)=0>u(x,t)=0
X()=0->A4sin(Z)=0-
C

if sin2=0-2L1=nz
C C

o nrnc :

SN =) n=1,2,... (eigenvalues)
X=X, nx

_ A=A X (x)=A4, sin( [ ) (eigenfunctions)

el S 5 Ol s 0 il s gb il Sl oS ol Jlie cpl 3 )

b fo.y.la Lgu w.:lsj_é 9 L‘b-’j" J@ co}:ﬁg )\J\ia s J}-)J ‘J-<:’.J CJ)L:.P 4.3;\1 S
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B Calgn Sl (CONENUOUS) s gy s G a8 Ll 1Y 4T
.JJ‘J&&J’)\JJAJ@C%%}& 70

Copyright © by Farzam Dadgar-Rad, Associate Professor of Rational Mechanics, email: dadgar@guilan.ac.ir, Spring 2020



S olils )l Jie —(Separation of Variables) b o (g jlwloa gy

sl Cends O (5l slde Culgns &S il 2 s T(t) oms o > (Y o> 0
il el 55 T(1) olgn g
———T+o,T, =0T, (1)=C, cos(w,)+D, sin(w,!)

= u(x,t)=) X,@)T,@)

nix

=" 4,[C, cos(w,t)+D, sin(e,t)]sin( 1 )
AC =c , AD =d
u(x,0)=>" [, cos(@,t)+d, sin(@,t)]sin("—)

nix

)

u, (x,t)= % = Z:zl @ [, sin(w,t)+d, cos(w,t)]sin(
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5,550 Gy a5l Lol 3 511 Jpgrme ol L Jl (F alo g

nmwx

u(x,O)zh(x):z_lcnsm( Y=h(x)

nrc . ATX
sm(

u,(x,00=g(x)=  d,

)=g(x)

et 50 5 8(X) 5 (X)) o g 0555 S ol B8 >

nmwx niwx

h(x)= an nsm(

), =—j () sin(= =)

nmwx nix

gx) =2 &, sin(— =) , gn=—j g (x)sin(— —)dx
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:V'Ub A>es D

M- e, sm(’”l”‘ y=h(x)=>"_h, sm(””x )

=" (¢, ~h )sm(”“)zo = le = =—j h(x)sm(””x )

Yo, s ) =g(x) =3 g, sin(~ )

=" (0d, g, )sm(”“):o S P jg(x)sm(””x)dx
@, nrme

ue,t)=>" 1{( jh(x)sm(nﬂx)dxjcos(nﬂa)

+( 2 jg(x)sm(””x )dxjsm(nﬂa)}sin(nﬂx)

nrie [
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é ‘G Ox Ox J=r ot
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N
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L Ao i il ,f

2
General PDE : i[G(x )J(x)ae(x t)]+f o(x )J(x)8 O(x {)
Ox 512

2 2
if GJ =constant= GJ 0 9(x2,t)+f :pJa 9(?;»1)

Ox ot

0%0(x 1), 9°0(x 1)

#f(xat)zo = GJ 2’ :pJ 2’

Ox Ot

= |0 —CZQXX =0 |wave equation

/G : : :
c = |— :torsional wave propagation velocity
Jo,

lalas ) dalas Q\.uamwongf J.w.;\jz.;: U:&»S;y@o.uw
W‘UJWJ&&L;JJL&GJJJJC wbhﬂﬁ W\A.LAL;‘}E

75
Copyright © by Farzam Dadgar-Rad, Associate Professor of Rational Mechanics, email: dadgar@guilan.ac.ir, Spring 2020



L Ao i il ,f

Jm\f,u)\ &9} JJJS&AJJAU;’ uY:LuJ.:a@/ax UJMYMGW\MLSJ‘)
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b ol ol X=] 5 x=0 3 S gl s (65 0 Ll 5 ]l
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b s x=l s 5 et x=0 03 &S el A (650 ol 5l

@x =0 — 0(0,/)=0
@x =1 %GJ%)C =0 5 6,(,)=0
sl My skiS s Xx=1 s 5 b x=0 5 S gl s (65 0 ool p5 s
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00 M, _
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Copyright © by Farzam Dadgar-Rad, Associate Professor of Rational Mechanics, email: dadgar@guilan.ac.ir, Spring 2020




L Ao i il ,f

K oo b phomy 73 SO 5 x=l 5o 5 Colbx=0 50 a8 gl abie (650 il 0 s

@x =0 — 0(0,)=0

K
@x =1 — (GJ—)\X  =-K0|,_, > ex(z,r)+G(l)J(l)9(z,t)_o

3051 oS5 O a3 b 50 bk aS 555 e cdalin ($s5 e s
Sl ol alb 260/0x

b ol ceai OF s T Sl

@x =0 — 0(0,)=0

00 0%0 1
@x =1 > @) 7D vmr =1 5lemy > |00 (L)t e f (1) =0
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s oLl Jie —(Separation of Variables) b piio (g jlwiva g

O S5 el 5 ods Culi SlS [ J ey (o) aloe el S 4S5 5 (Jlio

ol e Jsb s 1 e phade mhau 5 SO ol RCWENE|
fLQJ Qg(X) 4.,.5‘3‘ LS‘ 4.:\3“) p&ﬂjh(X) 4.,.5‘9‘ Qb‘g.} ct OQLO‘)‘)J Ju.:Lcu
e oy OLald )l sles el ool Cslae 33 S s Jlesl alis bl

dle 5,0 Bl 5 adsl Ll & (PDE) (gl oL il s dolee ;|

LSl o D) s
G
Htt _Czexx :O ) C = —
\ p

BCS{@X =0: 0(0,t)=0

@x =1:0,(,t)=0
@t =0: B(x,0)=h(x)
@t—O 0 (x,0)=g(x)
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s oLl Jie —(Separation of Variables) b piio (g jlwiva g

o 5 o (V4o
O(x,t)=X (x)T ()

kol Wslee 53 O=XT 0315, 3 L2 X(X) )5 > 5 0505 slhie dle s (Y a0

iy ol XT3 b 058 oS
g r'e) _ »X"(x)
T(@t) X (x)

Ll o ol £l bl o a5 X b La el e S Ll ) e ST
sl b slie gsles b b

(T"(t)-2T(t)=0
") :C2X”(x)zl N () A(t)
T () X (x) X'"(x)——X(x)=0
\ c
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s oLl Je —(Separation of Variables) b piio (g jlwiva g

o) o s by e 53 X(X) Gl 1 al b (550 il 2 (5

000,1)=XO0)(¢t)=0 — X(0)=0
:V_”")‘J x:l DL L

0.(U,)y=X"(ITt)=0 — X'(I)=0
3 e dal g 3 Oy s (Sturm-Liouville) o5 9 5ldde dlas Colg 5o

X”(x)—cizX(x):o, X(0)=0, X'(I)=0

342 g @bMQTé\ﬁjspM.}%béw\ 2! d%’.""}“é‘{ﬁ
Jw&duwﬁé‘f‘)oﬁj)‘&édw.libJ.i‘dd

A>0, A=0, A<0
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s mﬁ\jﬁ-X(X) Sl Ol 53 S s LA=02>0 :Js I

2 a a
X"—(ﬁj X =0>X(x)=Ade +Be ©
C

s J g3 BB S ey 2 O(00) 2 i ol 550 Jaul 2 Jlesl L
(X (0)=0>A4+B =0

X 2 Y

X'()=0>% (e —Be < )=0
C

\

—>A=B=0 > Xx)=0 >0(x.,t))=XT =0

MM‘Pﬂ)Q)MX(X)J&Q)M\)JJ{QJ.KJJJ@)J‘)}L:O :rjb&:/jt}-
[ Jgd LB a5l oS

X"x)=0 > X(x)=Ax +B
X(0)=0>B=0
X (1)=0->4 =0
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s oLl Jie —(Separation of Variables) b piio (g jlwiva g

sl mﬁ\jﬁ-X(X) Sl gl 53 A S s A =—0 2 <0 g S

2
X"+(9j X =0->X(x)=4 Sin(QX)-l-B cos(gx)
c c c

(X (0)=0—>B =0

< if A=0>X(x)=0->0(x,t)=0

X' =02 4cosZ1)=0-
C C

if cos(Z=0-21=02n-nZ
C C 2

— o, =@n =D =12, (eigenvalues)

—) X, (x)=A4, sin[(2n 1) 7;—);] (eigenfunctions)

Sl S8 Oles L | el ale oy SLils,l Sl oS ol Jie gl s ) 4
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o cedel Lo @ (gl e Culg o i 1l L,GT(t) S @JL> (f da,o

T T T =0T, (1) =C, cos[(2n — 1)—]+D sin[(2n — 1)”—“]
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-3 4, {c cos[(2n — 1)”—“]+D sin[(2n — 1)”—“]}sin[(2n—1)7;—’;]
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oo oLl Jie —(Separation of Variables) b piio (g jlwiva g
5,550 Gy a5l Lol 3 511 Jpgme ol L J (F alo g
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()= g, sin| 1. g, =] gCosin kix
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:V'Ub A>es D

- (2n — 1)7rx (2n 7x
Zn 1 sin[ 7] =h(x)= Z 1hn sin[ 5 ]
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PE o] 4.:.9J§ )\J.éf(x,t) djla .l?-‘jj.: oJJJLw_{ LSJJ"" O J:S &2’. .A.:.S ‘J.,a‘)ﬁ
ol 3 s bl Oldes (I sl 6558

Jlx. 1)

Mir. 1)

) |
i wiv, 1) : Vi(h. 1)
—P |

L__ﬁ-t-_+ ,;1 i,_ J "j;” p——]

M. 1) + dM(v. 1)

Vi 1) + dVivn

T ———

- —>

u =—Zz awa(x’t) N w =w (-xat)

X
2
. _ou _ aW(th)» o. =E(x)e,
Ox 0x
) - o'w (x,t)
M__”A(x)zadi:M(x,t)—E(x)l(x) 7 .
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TP — Mol $198 b g o> Sl

:J;Jv,owaafjajﬁm@sfw\gsd;w@,ﬁ);j@sfQ‘Y;LM
0w
o1’

Y dF, =(dm)a, >V - (V+%—dx)+fdx—(pAdx)

oM oV dx dx
dM . =0 > (M +——dx)—-M - + d -V —=0
Z Y ( ox *) v ox *) 2 2

V xy =0 [ v =L % )@W(X 1
0x 0x

ox 8_)(;

]

2 2
O ) DD L e () T2 D)
0x 0x ot

0% (x t) 82w (x,1)
+f = 2
ox 4 ot
o*w (x ,t) 0w (x ,t)
7~ pd 2
ox ot

pA
= w +—w, =0
XXxXx EJ it

General PDE

if EI =constant= —FEI

if f(x,t)=0 = —EI
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TP — Mol $198 b g o> Sl

b o bs 5 OWEX s W ss, » BEBO) Jol 5,0 b2 35500 Bl gm
Nsles 53 O2W/BX? 5 PW/axD &y Vgane S el M 5 V o5, (NB€)'

.MWki}j\é\jjsasx)\ssﬁjﬂjwsjjéjf by b5 8 o el
(J‘J;SMR) J\.J’L: J‘)Tx:l )JJJ‘J;XZOJ.D‘LSLSJ.; LSJJ’° .hi\jﬁl’ JLA

@x =0 ->w(@0,6)=0, w,(0,/)=0

2
M:E]awz\x:l:O—mxx(l,z):o
@x =1 — A Ox
ow
v :E]a Tlx=1 =0=>w o (1,1)=0
L X
o (0.0 =0 Jats s 53 55 S5 il pa il
w (0,1) =
@x =0 — < 2
M:E]Z—v‘;‘x:O:O—wvxx(O,t):O
L X
(w(l,t)=0
@x =1 —> A 2
M:Ela—w;‘x:l=0—>wxx(l,t)20
\ ox 88
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EL Il TUCT SRU I PEr LUl S)
AL M, ks s X= 33 55,8 x=0 ;548 5,5 63,0 bl bl

@x =0 —->w(0,6/)=0, w,(0,t)=0

2
M:E[aw\ My ow. () =0 47
5 1x =l 0 XX E]
@x =1 — | Ox
0w
V =EI ax3\x:l=o_>wxxx(1,;):0

e b (2 bl 53) 6 2 G =1 el s oS ls S 1SS (6,8 g e el sl

I Wy K

@x =0 —->w(0,6/)=0, w,(0,t)=0

2
M =EIZW2\XZZ =0>w,, (I,t)=0
@x =1 — 1 o
0w K
\E] 3 ooy + KW |2 =0>w (l,t)+ﬁw (1,t)=0
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TP — Mol $198 b g o> Sl

(X1 Sla1 53) Joain o o5 (X1 53) 1518 Sy 3 5550 el 5 100

@x =0 —->w(0,6/)=0, w,(0,t)=0

@x =1

%

(W (l,t)=0
9 02w
M =EI 2 ly oy =0>w  (l.1)=0

@x =0 ->w(@0,6/)=0, w, (0,6)=0

@x =1

%

<

2
M =£r° o =0 w . (1) =0
Ox
03w 02w M
\E[ 6x3 ‘x:l + M at—z‘x:l :O—)Wxxx (l,t)+Eth(l,t):0
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= olals )l Jie —(Separation of Variables) b wiio (g jlwloa gy

Jf\ ] Jf g_;L*a"“’AS“'&JJLS}JJ’J}’j’jL’J‘ JQ(J&O
J&.«:c&.ﬁbd qusjﬁc.le:h(X) CL: g.))j@f‘.ib:ﬁ Laayct QLA)JJ

j'.’.) O ) g Jlowo LS)J.A ,]a_i‘ﬁjdﬁjj‘ ja_i\]w c(PDE) LS‘ oJLg: J,?W\jﬂ-.’.b Jsles J}-
pA
xxxx T Bl Wy =0

(

@x =0 - w (0,t)=0
W (0,)=0

@x =1 - w(l,t)=0
- w . (1,t)=0

]CS{@tzO:w(x,O)zh(x)
@t =0:w;(x,0)=0

BS's <
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5 ol )l Jie —(Separation of Variables) b wiio (g jlwloa gy

imy'u"(‘ > 40
w(x,t)=X (x)T (¢)

5 ol dslee s WEXT 0313, 5 L iX(X) sl Jo 5o Slie dls ns (Y Al o

s ﬁ\j}XTﬁ u,:ejla Q:JSV..:,.M.ES
X(4)T :—ﬁXT” N T”(t):_E] X(4)(X)
El (@) pA X(x)

ngk%pwcw\t@uw%wjx@uwwbwsbab\:wa&
sl b slie (gsls

r'e)_ E X<4>(x):/1 _ ;T"(t)—lT/I(tL:O
T¢) pd X(x) X(4)(x)+%X(x):O
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= olals )l Jie —(Separation of Variables) b wiio (g jlwloa gy
ol o s W3 e 3 X(X) e s l o cloe (6550 dal 15 (555 )
V—’

w (0,6)=X (0)T (t)=0 5 X (0)=0
w.. (0,6)=X"(0)T (t)=0 — X"(0)=0
w(l,t)=X ()T t)=0 5 X ()=0
wo (1LO)=X"DT({)=0 — X"(1)=0

59 Al gt 3 s (Sturm-Liouville) o5 5 Hluae dlase ol 5o

ApA
XPx)+—X (x)=0
() +— X (%)

X(©0)=0, X"(0)=0, Xx(1)=0, X'"(1)=0

J%L..JJL;‘:Jje-ﬁCJB—MQTLS\J{}sj.\iwd.)%lféw\d\.p\d}@?wkéb):

A>0, A=0, A<0
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5 olals )l Jie —(Separation of Variables) b wiio (g jlwlo gy

dmd‘fwjbbmi@b-jbw‘)s }\42())7\42(12>0 erbjdj‘éu&b
s J 98 &Gé%\d@w@w(x,t) i 53 3 X(X) &) g sho Oy g5 S sl

Cls aoal g X(X) ) gyl 53 S s LA =0 7 <0 s DI
o’ pA

EI
SXP)=-BX(x)=0 , let X(x)=e"
> =B =0+ T =) =0 (r=i B)r+i B)r = B)r+B)=0
_)rl:iﬂv Fzz—iﬁ, 7/'3=ﬂ, I”4=—ﬁ,

—|X (x)=C,sin(Bx )+C, cos(fx )+C,sinh(fx)+C, cosh(Sx)

o’ pA

X P(x)- X(x)=0 , let B*=

— | X "(x) = B*|-C,sin(Bx ) —C, cos(Bx ) +C, sinh(fx ) +C, cosh(Sx )]

X0)=0—> C,+C,=0
. =C,=C,=0
X"'"0)=0->-C,+C, =0
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5 olals )l Jie —(Separation of Variables) b wiio (g jlwlo gy

— X (x ) =C,sin(Bx ) +C,sinh(Sx)
>X"(x)=p" [—C1 sin(Bx ) +C, sinh(Bx )]
X(”Z):O—> C, si.n(ﬂl)+C3 si.nh(ﬂl):O }i@ sinh(B1) = 0= C, =0
X"(0)=0—->-C,sin(Bl)+C,sinh(pl)=0

if C,=0Xx)=0->w(x,r)=0

if sin(fl)=0—>pl=nnxn

B=P, 2
S T N L R
) pA [ pA pAl
El

pAl =M — o, =(n7r)2 ‘/Ml3 n=12,... (eigenvalues)

X EX n

C=Cy,
= X x)=C, sin(mlm

—>C, sin(ﬂl):O—>{

) (eigenfunctions)
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5 olals )l Jie —(Separation of Variables) b wiio (g jlwlo gy

e okl s @ (Gl 5 Sl Colgey oS T .w\sﬂ@T(t) end 4 Jl- (Y alo o
Ly el g 1(t) culew

El
Ml’

o, =(nr)

T ET”

=T"+oT, =0T, (t)=D, cos(wt)+E, sin(w,t)

=>wx,0)=) X, (x)T,@)

nmwx

= :ZlC w D, cos(w,t)+E, sin(w,1)} sin( )
C D =C n > ClnEn Edn
wx, )= e, cos(w,1)+d, sin(w,1)}sin(")
w (x, t)_ag; =" o, {~,sin(@,)+d, cos(a)nt)}sin(mlm)

96
Copyright © by Farzam Dadgar-Rad, Associate Professor of Rational Mechanics, email: dadgar@guilan.ac.ir, Spring 2020



L5 olils,l Jie —(Separation of Variables) b wiio 5 jwine g
5l s 4l Lol 5 511 Jsgemes a0 L - (F 4> 50

wx,00=h(x)=) ¢, sin( Y=h(x)

nix

nix

w,(x,00=0=>" d,o, sm(

)=0=|d, =0

hx)=>" h, sm(””x :—j h(x)sm(””x)d

:>Z €, Sm(mzx) h(x)= Zn L, Sm(mrx)

nmwx nmix

=Y. (e, ~h)sin(—=)=0 = c, =h, :—j (e )sin(=—)dx

we,)=>" ¢, cos(wnr)sin(m;x )

=> 1( f h(x)sm(m[x )lx jcos[(mr)2 VT ¢t ]sin(

/ 97
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(Conduction) @il j0 O 1 > JE

D g S bl iy AL e JE S glas bl 4 i sles b GG ST LS
Ot 06 23k L3 0 5 0 S calis o K (s Al 2 Sl O i) ol
sl 513 S g a8 bl Ol

~kVo 69:995+§9f+éﬁé
0x oy 0z

q

ol L s 5 (X2>X1)/AX o LY 5 ) aedl 95 o e G o 1 0506 ol S
Sl sl i) Mdua;\.aﬁ@wwﬁjajﬂ\‘@g\ abads ) asl Jlal

A —
g DO 00,
Ax X,—X,

ol 056 510, s 1 (e K o) e 4 s i S0l Jlisl L
ol =1s ng;’\ et .Cf'Lff.‘f. (e J=ls w50 s, R & (Seolus g0 3
.%,&Wﬁabbﬁou,gj: ol Oy Olsms 1, @ )l 5 dal g
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(Conduction) @il j0 O 1 > JE

q tdq

X X dx

—
— ]

|

ot Ox Ox Ox

General PDE | =[k (x >89(x e g = pooc, () 0

: 0°0(x ,t) 00(x ,t)

K =constant= £ +o=pC 22227
ljp ax 2 g IO p @t
: 0%0(x ,t) 06(x ,t)
,t = O = k 2 = C 7
if g(x,1) P pC, py

= |0 —a’0_. =0 |1-D heat conduction equ.

o = ko thermal diffusivity
o 99
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(Conduction) wiwel> j0 O 1 > JE
WD bl 2 (i 5o G A e Gl 1 B L, S

0=0(x,y,z,t), g=gx,v,z,t) ,k=k(x,y,z)
p:p(‘x9y92)7 Cp :Cp(x,_)/,Z)

General PDE 2 [k 69]+ g [k 80]+ 9 [k 60]+g :pcp%
ox Ox Oy Oy 0z Oz ot
if k = constant = kV29+g:pCp%
ot
. 2 89 2.2
lf‘g:O = kV@zpCpa = HI—O{VHZO

if%zO(Steady) = |V?0=0 : Laplace Equ.

Ob > 50, by Shyls o e 3120555 (Convection) gl ol > Jast 0 56
2 sl 5l dlw 4 e O b 5wl Jlasl 55l > L il é: sles sbls 01 (s, Jlws

q :h(es _‘900)
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(Conduction) @iwel> 40 O 1 > JE

q s3> 2 NBCO) b 5,0 b3 50 5,5 2 EBC) Jool (650 b5 855 p0 Tl g
Lls sgmg e kil 5l o 50 8 6 Al Yslas 3 20/0X & yeas Vsers S ol
At b g5 3 Bls 55 5 Ll s pd e edalie 20/0X 56 51 S 5 T s oS

:MLP@XZIJXZOJJ QTLSLoJAS‘_S\d:,oLSJ'f bl sl
@x =0 — 0(0,t)=0,
@x =1 — 0(,t)=0,
b ol e X=1 s 5 asciv by s x=0 ;3 a5 gl e (65,0 Ll 5 i e

@x =0 — 0(0,)=0

@x =1 — —k%x:, =0 > 0,(/,t)=0

AL G 20, Sl DL Cos X=1 s g ods Bl Xx=0 55 S gl o (65,0 Ll 5 ke

@x =0 — —k%xzozo — 0.(0,t)=0
00 q0 —
x=l > -k—|,2;=—q99 > 6, t)=——=
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(Conduction) wlwel> j0 O 1 > JE

oo OL o s X=1 s 5 amy3 ho ol gles 5\2\>x=0,>¢§6\«1¢6)~f Lyl ol
LS s, s ol h ol > Jlisl e 5 0, sles L
@x =0 — 0(0,1)=0
00
@x =1 — —(ka)‘x:l:h(Q—Qoo)‘x:l

h 1o,
> |6, (z,r)+m9(z,r)_m

QG/QXJOJ‘L;\:SJ.:CJ)‘}\A:cx:l).)@.:‘.bLS)JO.EJ*QASJ}J@OMLLG(&}.BJLZAJJ
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ol Jusl Jie —(Separation of Variables) b wiio (g jlwloa gy

jg.w\S(x)quu Al e b IS adyl Glos =0 oloj 3 S 55 (Je

adslas s sl O gllas M.au,o)\fv,;w%&b):bidjbé\ﬁégc\
S b il S2

J.:) O ) g Jlocs LS)J.A ,]m‘j,wj d.Jj‘ ja_i\jw c(PDE) LS‘ °)L.{. J.W‘jd.i) Jslee J}-

o (xzé?xx—O, o = k
PC ,
=0:6(00,t)=0
s [ @3 =01 0(0.0)
@x =1:0,t)=0
IC: @t =0: 0(x,0)=5(x)
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ol Jusl Jie —(Separation of Variables) b wio (g jlwloa gy

e o () Ao 50
Ox.,t)=X(x)T ()

kol Wslee 53 O=XT 0315, 3 L2 X(X) )5 > 5 0505 slhie dle s (Y a0
:w\aﬁ\j}XTﬁdﬁékQJ;MJ

IO _ X'

TX =a’X'T — —
T() X (x)

Ll o ol £l bl o a5 X b La el e S Ll ) e ST
sl b slie gsles b b

(T't)-AT (t)=0
ro_xw_, |00
T () X (x) X'(x)——X(x)=0
L 04
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ol Jusl Jie —(Separation of Variables) b wiio (g jlwloa gy
o) o s W3 e 3 X(X) ) s b cloe (6550 dal 15 (555 )

0(0,6)=X (0T (1)=0 = X (0)=0
0(,0)=X (T (t)=0 = X(I)=0

5 Al gt 3 s (Sturm-Liouville) o5 5 Hlaae dlase ol o

X"(x)—%X(x)zO, X(©0)=0, X(1)=0

e b T o 55 g Il OF (6l 5398 el il 45 Sl ol Jggoma A 8315 )

A>0, A=0, A<0
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ol Jusl Jie —(Separation of Variables) b wiio (g jlwloa gy

sy 0l Ol o Sl o oIl 53 pl 30 A =0 sA=f >0 235 5 Jsl sla Sl
s Jg3 BB S ) o Sk O0(3,8) a3 5 X(X) S p e Ol S oS

M‘Jﬁ‘y—X(X)é‘rQ)M‘)JJﬁé#}bb?\;:—wz<o r‘}.wﬁa.n.?-

2
er+(ﬂ) X =0->X(x)=4 sin(gx)+B cos(gx)
o o o

X (0)=0—B =0

< if A=0>X(x)=0->0(x,t)=0
X ()=0-Asin(Z1)=0-
a

it sinCH=0-21=nx
a a

: ®, = n7lra ) n=12,... (eigenvalues)
X=X,
A=A,

= |X (x)=4, Sin(m]rx ) (eigenfunctions)

k)‘k‘)kﬁbjﬁd&‘lrwuxnjwﬁbwgf¢}@£ﬁ 106
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ol Jusl Jie —(Separation of Variables) b wiio (g jlwloa gy

o eobal Gy © gl e ol oS il 1l o T(Y) e & I (V alo 50
il el 55 T(1) ol

TET” dT —_
=>T'+0T, =0—>—=-@ dt=InT, =-wt+C,
T
n
_ _—elt+C, _ C, -0t _ —olt
=T =e =e e " =C e

nmwx

=0(x,0)=Y X, T,=> A,C,e " sin(*~)

o0

. MTTX
A,C, =c, =0(x.,t)=> " ce " sin(

n=1l 7 l

)

5530 ey ad sl by 511 Jserms a2 L I (F 4> 50

niwx

0(x,0)=S(x)=), c,sin( 1 )=S(x)
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ol Jusl Jie —(Separation of Variables) b wiio (g jlwloa gy

nix nix

S(x)=>"s, sin(——) , =—j S () sin(— —)dx
P nsm(”“) S)=>" s sin(m;x)
=37 (¢, s )sm(”“)zo = le =s =—j S(x)sm(””x )dx

Ox,t)=> " 1( jS(x)sm(””x )dx)e(m;a}tsin(m;x)
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ol Jusl Jie —(Separation of Variables) b wiio (g jlwloa gy

ol 3 el Jlst Bl 5l Il canss 53 b s a skl 4 bt 1S 5 5 (Jbe
SLI> Y=b o5l ps 5 ho gles LIy Y=0 o)l s Ll eds 3le X=a 5 X=0 o)l 05 53

L N T P e (ST | o vy WU | (SN PRVEP IS P JCI (0.9 @JECJ}S

06

steady _>@_t_0 Iy

2 V(x.b)=1(x)

V20 =06, +6,, =0 b —
(@x =0:60,(0,y)=0

BCS<@x=a:9x(a,y)=O 2
@y =0:0(x,0)=0 V00 g
@y =b:0(x.,b)=f(x)
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ol Jusl Jie —(Separation of Variables) b wiio (g jlwloa gy

3@“&5"(‘ e g0

Ox,y)=X(x) (v)
035 e 5 ol sl 53 O=XY 0315513 L osas Jie b ns (Y dlo 3o
GBI I ﬁ\j}XYﬁ b b

XY 4xyr=0 = A& YW
Xx) YO)

Ll o 2l P b B o e x@uuw\,wswu;wa
sl b slie gsles b b

X"(x) Y”(y)_l: {X”(x)—z,X(x):o

X(x) Y(») Y "(0)+AY ()=0
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ol Jusl Jie —(Separation of Variables) b wio (g jlwloa gy
0312 o SOl e 4
(@x =0: 0,(0,y)=0=>X"(0) (y)=0=X"(0)=0
@x =a: 0.(a,y)=0=>X"(a)Y (y)=0=X"(a)=0
@y =0: 8(x,0)=0=>X(x)Y (0)=0
@y =b: 0(x,b)=f (x)=X &) b)=f(x)

BCs <

ol 3 Ol o 1y X(X) 1 5 s - Sen X(X) sl 655 .lafi,j;fz«svub 4> g
1l 3 Oy sz (Sturm-Liouville) o5 5 ldde alles 5 g0l oS

X'"x)-AX(x)=0, X'0)=0, X'a@)=0

Jgkg.JJL;oJje-ﬁCJB—MQTLS\J{}sj.\iwd.)%kgéw\d\.p\d}@?wkéb):

A>0, A=0, A<0
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ol Jusl Jie —(Separation of Variables) b wiio (g jlwloa gy

s mﬁ\jﬁ-X(X) Sl Sl 53 S s LA=02>0 :Js I

X"—a’X =05 X (x)=Ae™ +Be ™

ey I3 B &S ) 0 O0Y) 12 o ol 30 Bl lesl U
X'0)=0>4-B=0
{X '@)=0—>a(de™ —Be ™ ™)=0
—->A=B=0 > Xx)=0 —50(x,y)=XY =0

&GSMM‘}?-J{.JQJMX(X)J}-Q)M‘)JJ&{jﬁjbjb‘)k:o I<=&JCJL>—

(sl J g8
A=0—"" s X'(x)=0 — X (x)=Ax +B
X[(0)=0>4=0
, —> | X,(x)=8B
X[(@)=0—>4=0
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ol Jusl Jie —(Separation of Variables) b wiio (g jlwloa gy

A=0

—=0

o> A B A =0 L Y() dles Jl-

Yi(y)=0 = |V ,(y)=Cy +D

= |6 (x,y)=X,x),(y)=B(Cy +D)

sl Vﬁ“ﬁ’X(x) Sl gl 53 A S s A =—0 2 <0 g S

X"+0’X =0—> X (x)=E cos(wx ) + F sin(wx )

\

1X @) =0 — —wE sin(a)a):0—>{

=0,

—

X
A

AIZ
—

Xﬂ

(X '(0)=0—>F =0

if E=0— X (x)=0

if sinfwa)=0—>wa=nr

@, 7 ) n=12,.. (eigenvalues)
a
X, (x)=F, Cos(nﬂx ) (eigenfunctions)
a 113
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ol Jusl Jie —(Separation of Variables) b wiio (g jlwloa gy

ot odal Sy @ (sl e g S bl Sl o V() s w4 J
s ﬁ‘ﬁ"ﬂ’y
Y =,

=Y -wY =0-Y (y)=G, cosh(w,y)+H, sinh(w, y)
= 0(x,y)=X,(x)Y,(0)+>, X, x)Y, (»)

=B({Cy +D)+ ijlEn [Gn cosh(w,y )+ H  sinh(w,y )]cos(

iieats

nix

)

a
BC =r,, BD=s,, EG =k, , EH =h

nix

Ox,y)=ry +s,+ Z:Zl[kn cosh(w,y )+ h, sinh(w,y )]cos( )

a

sl o ey il 03 S5 eslinal 55 85 (G50 byd 3 5l el (F Al o

© niwx

@y =0: O(x,00=0=s,+> _k, cos(

)=0=>|s, =k, =0

a

@y =b: O(x,b)=f (x)=rp+>._h, sinh(w,b)cos(

<
nimwx

)=/ (x)
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ol Jusl Jie —(Separation of Variables) b wiio (g jlwloa gy
et 52 LX) o gmeS 4555 Loy ol S JU>

niwx

f(x)— +Z 5 €08(—)

niwx

fo=2]0r @y =—jf<x>cos( )dx
a

taelS Al S
n7Z'x &

h+>” hsmh(@)cos(””x)_f(x)_ +Z Ao

n=l n

- (rob _on +(Zf_1 (h —f, )smh(@) cos(’””DC )j

1 ¢a
=rb =% =17, zzjof(x)dx

—h smh(@)_f —|n = — jf(x)cos(””x)dx
asmh(—)
O, y)=ry +> h, smh(””y)cos(””x)
a
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X) 51 nb f w8 el l e Sl 5 AL X1 el BB T b oS Sl ol

il i by (¢

utt—czuxx:{f(x)or f(x,t) or f(t)} C:\/E
0

BCq {@x =0:u(0,t)=p(t)
@x =1l:u(l,t)=q(t)
]Cs{@t =0:u(x,0)=h(x)
@t =0:u,(x,0)=g(x)

PR LS g5 C,Jb-l.océ\j): S e S P Gy e S L il 0
.v—i””

Bl 51 aS sl o ols ol 4 e L0 > OIS sl 2oy b ST il 51
s Jgd B S50

b
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Jle S sl 53l (6l o3l Jedl s dolas Jsgome U(X, D) 16 o Olgie 4 IS (55

| i galali g

FO01) mb Sas o oS o s u(G )=V ) HE(XY) &) |5 el 1 () 4> gy
ws O cd B8 EL b q(t) 5 p(1) i Bl s s e s 038 S

Do) S p b0 5 at) A S F e D =a(Dx Th(o)

Fx,t)=a(t)x +b(t)
(@x =0:u(0,t)=F0,t)=p(t)=a@)x0+b()=p(t)=|b(t)=p(t)
@x =1l:u(l,t)=F{,t)=q@)=al)x][+b(t)=a(t)

qt)—p(t)
l

= la()+p()=q ()= |a() =

\

- F(x’t):[q(t);p(t)]

x +p(t)

\) V(x,l’ 4 Jaj.;jo dﬂ.w.,o ‘J'-; d.,L>-Jc BE o.)w? o o F(x,l, O3ls )‘J-;L’ (' b}'i

.JJA.Sm\j}mﬁ@j\@\ﬁéﬁ)b&j}.ﬁaww
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u=r +F

BC1: u(0,t)=p(t)=V (0,t)+F(0,¢)= p(t)— %=L 5y =0

BC2:u(l,t)=q@t)=V (I.)+F(.t)=q@)—0240) 77y =0

ICl:u(x,0)=h(x)=V x,0)+F(x,0)=h(x)=>V (x,0)=h(x)-F(x,0)

IC2:u;,(x,0)=g(x)=>V;,x,0)+Fx,0)0)=g(x)=>V;(x,0)=h(x)-F;(x,0)

Sl i3 Sy VGE) 4 bss e dles il )

PDE : V,—c¥ . =K (x,t)

V (x,t) @x =0->V (0,t)=0
{BCs
problem @x =1->V {U,t)=0

]Cs{@t =0V (x,0)=h(x)—-F(x,0)

@t =0V, (x,0)=g(x)~F (x,0)

118
Copyright © by Farzam Dadgar-Rad, Associate Professor of Rational Mechanics, email: dadgar@guilan.ac.ir, Spring 2020



Fod g Jiluo — B o g bl ig

ol V(,8) ok (Kan o3 65 |, (1) dlos laz) V(x,8) dles = 51 13 (¥ alop0
335 Cawds > o opl 5o Lo i V"S o J= ole olulas gy sl eslanad U
) o}{j @\jjjojwﬁsl.&.o

- . 7 3
_ _ 0= gives x), o
roblem | o |@% =0 W (0.0 =01=8 , ;
k @x =1 >W (I,t)=0

22 S (F o w
Vie,)=2 0 Xy @)V, (@)

Uy s POrE |3 Vx,t) « b dolae |21 53 1) G6 adal, (O 4>
G° R0 B (e B 0 012 VLY A B e SIS haai® »
v do Vn(v LS‘J" LS‘ J3les Cﬁil.@.: B M}J@‘)Xn(X) °5fJ c‘}: > \)K(x,l)
Syh o dsee ol G K ‘“\%gﬁmﬁvﬁ&&an(ﬁédawﬁb”
w3l o Sy V(1) dlis asl Lol o il s 1y 3 al o Jspme al oo (Y dlo g0
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Il —ad s Jilo — 18 pkin (5 3Lt b 5
LS o s oS s gse aboles (s
o =xsint), c¢=1, 0<x <1 (I=1),¢t20
=0: 0.t)=0=p(t
BCS{@X u(0,1) p(t)

@x =1:u(l,t)=sin(t)=q (1)
]CS{@t =0:u(x,0)=x
@t =0:u;(x,0)=0

F(x,t) mb s oS e s u(x,t)=V(x,()+F(x,t) &) g | gb izl () 4> 50
w5 cd B EL L q(t) 5 p(t) Sie Bl s s e RIS 038 S
w203l S @(1) 5P() m 2 L D) s a(t) A6 ol s 5 F(x,D)=a(t)x+D(1)
Fx,t)=a(t)x +b(t)
(@x =0:u(0,1)=F(0,t)=0= a(t)x0+b(t)=0=|b(t)=0
@x =1: u(l,t)=F(l,t)=sin(t)= a(t)x1+b(t) = sin(t)

= a(t)+0=sin(t) = [a(t) = sin(t)|= [F (x.1) = x sin(7)

\
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LS5 L V(X1 0 by o s ¢ 13 s o 5 0ol ety F(X,8) 0315 1 3L (Y 4o o
3 ge Al g x5 4 Jai\,:,«sw\; g e

u=y +F

. F =x sin(¢
Uy —Uy, =X sin(t) xsin()

)| PDE

BC1: u(0,6)=0=V (0,0)+F(0,t)=0—O0=0 [0y =0

BC2: u(lt)=sint) =V (L) + F(1,¢) = sin(t ) ——LD=s0)

ICl:u(x,0)=x =V x,0)+F(x,0)=x = (x,0)=x

IC2:u;(x,0)=0=V,(x,0)+F(x,0)=0=>,(x,0)=—x

V (x,t) lsc @x =0->V (0,t)=0
S
@x =1V (1,t)=0

@t=0->V (x,0)=x
ICs
i @t =0->V,(x,0)=-x

problem

V (1,t)=0

d-jimﬁ cg:hil.@.: BE

121

Copyright © by Farzam Dadgar-Rad, Associate Professor of Rational Mechanics, email: dadgar@guilan.ac.ir, Spring 2020



Jio — ool g Jluo — 1 gaiio (5 il g

ol V(,8) ok (Kan o3 65 |, (1) dlos laz) V(x,8) dles = 51 13 (¥ alop0
335 Cawds > o opl 5o Lo i V"S o J= ole olulas gy sl eslanad U
) o}{j @\jjjojwﬁsl.&.o

W (x.t) .

] @x =0—>W (0,t)=0;= find | X , (x), o,
problem | BCs

i @x =1->W (L,t)=0 |

w2l dsles 53 Sl U V) =XO)T() wns o )13 Gl = g

el

T”(t):X”(x):A _ {T”(z)—ﬂf(r):o
) X(x) X"(x)-AX (x)=0

W(0,)=X(0)T#)=0 = X(0)=0

w(H=X1)T@)=0 = X1)=0

T'X =XT

3 e dal g 3 Oy s (Sturm-Liouville) o5 9 5ldde dlas Colg 5o

X'x)-AX(x)=0, X(0)=0, X(1)=0 122
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Jis — (oo o Jiluwo — o o (5 3Ll g 5

LU -%T@Jﬁﬁ db—M&Té‘ﬁjbﬁw’JJﬁLﬁéw‘ ! dj.@?:ﬁ}\;é‘jj.)
A>0, A=0, A<0

OLL.: d‘j}'@jbb Qﬂc@b—\gb U'i‘JJ }\42())7\42(12>0 :fijJj‘ LSLA CA.SL>-
RGSNRVING P I VI LIV L V) P NGV Y W(x,t) e 55 s X(X) &) g oo Ol g g5 S 5l
sl mﬁ\jﬁ-X(X) Sl gl 53 A S s A =—0 2 <0 g S

X"+0°X =0— X (x) =4 sin(wx )+ B cos(wx )
X (0)=0—>B =0
if A=0>X(x)=0->u(x,t)=0

if sin(w)=0—>w=nn

] X(1)=0—-4 sin(a))=0—>{

W=,

= o, =nrx|, n=1,2,... (eigenvalues)

n

X EA)(IY
A E14/7

= |X,(x)=4, sin(nzx) (eigenfunctions)
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Il oo gl Jluwo — b pidio (5 jlwln dg 5
ﬁ-&;")‘ﬁ (F dd> o
V(x,t):ZjZIXn(x)Vn (z):ijlsin(mx)Vn(z)
Vi) &l p sl dolee olg 3 oy 0 LX(X) o505 mls o L K(X0) 26
Y )+ o5, (O)]sin(nrx) = 2x sin(t) = K (x ,t)
K(x,t)zzzozlkn sin(nwx ) , k, =%IéK(x,t)sin(n7rx )dx

1 1
k, = 2_[0 2x sin(t)sin(nzx )dx = 4sin(t) jox sin(nzx )dx

_\hatl
— |k, = DT Gine)
ni

= ijl[Vr;’(t)“Lw'%Vn (¢)]sin(nzx)=K (x,t) = ijlkn sin(nzx)

= 3 W)+ 0, (1)~ Isin(nzx ) =0

_ 4(_1)11 +1

4 2 .
>V, t)+o,V, )=k, sin(t) 124
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.Jydodjpwu\ﬁaéﬂ&uw‘u\g@ GrMS@J}\JV(l)Lgdsw(fab}o

n+1
&sin(t)

14 2
Vn (t)+a)nVn (t):

=V,(t)=Cy, cos(w,t)+C,, sin(w,t)+ D, (t)

homogeneuous particular

V.MS&J.Q&JJ)&_J)MMJWL;&WCML QJJ}\ g_,wu.)\:&_aa@}

CDn(t)zMnsin(t):Mn[—1+a),%]s1n(t)— 40" sin(t)
nm

n+l1 n+l1
= s e, )=

nﬂ(a),%—l) nﬂ(a),%—l)

= M

sin(t)

=V (x,0)=2 " X, (x)V, ()

n+1
V(x,t)= ZOO_I[CM cos(nnt)+Cy,, sin(nnt)+ 41 5 sin(z )]sin(nmx)
"= nr[(nr)” —1)
" . 4(-1)"*1 .
Vi(x,t)= Z _1[—n wCy, sin(nnt)+nnC,, cos(nmt)+ 5 cos(t)]sin(nmx)
"= nr[(nr)” —1)
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Jbe — %0 gué Jiluo — B piio 5 3litia> gy
w3l o s V(1) dlis asl Jasl o il 1y 43 al o Jspme al oo (Y dlo g0

Vix,0)=x = Z:Z1C1n sin(nrx)=x

I’lﬂ'[(l’lﬂ')z—l)

Vi(x,0)=—x = ijl[nﬂCzn +

]sin(nzx)=—x

x =37 b, sin(nax) = b, :%I;x sin(nx )dx = 2(;712:1
— Zlecln sin(nzrx)=x = Zlebn sin(nzx)
= |C1p, =by = 2(;71?)}7
Zle[n nCy, + n;[((;;):;l_ 1)]sin(n Tx)=—x = —Zlebn sin(nzx)
~lc,, = 2(—1);’ T 22

(nm) (nm)” -1
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u(x,t)=F(x,t)+V (x,t)

: o | 2(=1)" 2(-1)" 2 :
=X Sm(t)+zn1{ (nﬂ) cos(nmt) + (f/lﬂ))z [1+(nﬂ)2_1]s1n(n7rt)

4(_1)11 +1
nﬂ[(mr)2 —1)

sin(z )} sin(nzx)

(e DI ol (31 anll) Cdg s S S D) 52

1 _1\1
x =% b,sin(nzx) = b, :%jox sin(nzx )dx = 2(n7lr)

2(~1)"

— F(x,t)=x sin(t) =sin(t)) " sin(nzx)

w | 2(=1)" 2(-1)" 2 :
u(x,t)=F+V :an{ — cos(nmt) + (nﬂ)z [1+(mr)2_1]s1n(n7rt)
n+l1
+ 41 > sin(z) +
nr[(nr)” —1)
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QUESTION: CAN WE ALWAYS USE THE METHODS OF
SEPARATION OF VARIABLES TO SOLVE A PDE
DEFINED ON A FINITE REGION?

ANSWER: NO.

Notice that

1) The PDE must be linear

2) If the coefficients of the linear PDE are constant real numbers,
then the method is always applicable. Although, it may be too
hard to solve the resulting Sturm-Liouville problem!

3) It is possible to have non-constant coefficients, however the cofficnets
of mixed deriravetives must be costant. Moreover, if u(x,y) is unknown,
then the coefficient of u(x,y) must be of the form F(x )+ G (y).

EXAMPLE: The following PDE can be solved by separation of variables:
Ay, +B1(x)By(¥ )y, +C (Y, +Dx)uy +E(y)u, +[F(x)+G(y)u =0
Notice that B=B;(x )B,(» ) 1s a separable function.
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Sturm- |a,(x )X "(x ) +a,(x )X '(x)+[a;(x )£ A]X (x)=0 (¥)
Liouville BCS{@)C =a: aX@)+o,X '(a)=0
@x=b: PX(B)+LX'(B)=0
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5k M3 S 6 Slen e 0 s WL 1) o 5 e wate Sl s OF (gl oS 550 3 s
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Problem

a,(x) L)
SoPE) s s =l

p<x>=expj%dx L qx) -
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Canonical Form:|— [p(x )X '(x)]+[g(x )+ As(x)]X (x)=0 (*%)

S 055 b al mls deld 5 s Jissd (6 andd DU 5o (o)llind o3 L) SIS o 3 tar 55
Al g Al s OISy S a5l 5 S
LSS e 3l ol ooy 25 & gmar X(X) Jls 4 PDE & = 55 48 2,3 3Jls
Aol Sy [y es mls5 505y polis e sl Sy
XX "x)+xX'(x)+AX (x)=0, x e[lLe]
{BCsz X1H=0, X(e)=0
a

2 tJo>
1 =X 5, 4d, =X, a3:O
p(X):eXpJ.de :expjizdx :expjldx :eln(x):x
al(x) X X
a;\X X X 1
Q(x):L)p(x)ZO, S(x):p( ): —=—
a,(x) a(x) x X
Canonical d 1
oy 12 [xX '(x)]+A—X (x)=0
dx X
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Characteristic

Xx)=x"=[rr-D)+r+Ax" = Lo >1r°+1=0

oS s bl ) S a b Jl-
Iw\bmﬁ\jﬁ-X(X)j@uﬁﬁdb&»&\ﬁ&)ﬂ‘); .J_iﬂf{#ﬁ \)7»=—(12<() Ul Sl

a

rP—a’=0=>r=ta=>X(x)=Cx*+C,x"
X1H)=0=C,+C,=0
BCs . —->C,=C,=0->X(x)=0
X(e)=0=>Ce“"+Ce ™ =0
I gl 3 ..)\.iﬂi{#).ﬁ ,A=0 ISE =
r’=0=r=00=>X(x)=C,+C,Inx
X1)=0=C,=0
BCS{ (1) |

}—)X(x):O
X(e)=0=C,=0

w‘fb%ﬂéjbjb\)x=@2>o (ﬁ‘}wd[?-
rP+o’=0=>r=*%io=>X(x)=C,cos(wlnx)+C,sin(wlnx)

(X (1)=0=C,=0

(C,=0>X (x)=0

BCs <

X()=0=C,sin(w)=0={sin(0)=0—> |0, =nx|, n=12,. o

k | —>|X , (x)=C,, sin(nrlnx)
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Fourier L <g.X, >, _jos(x)g(x)Xn(x)dx

Series n Y
KXo >[50, ()P

133



Jea- il oot 43 599 (5 g
el v.:..::b o) ) Q)MX(X) Sl rois e s « PDE J= s S o8 sl
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Ll SIS 5 ) ey STl sl e oy o S sl a5 3
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Form > [X '(x)]+AX (x)=0
dx

Fb A=0 5 A <0 Gl oS 58 G Ol g (Solaw 0050 s A gl 1 Sl an il JU>
:ﬁ,\>x=m2>0é\,~p 25 03 el o ik
X"@)+0’ X (x)=0 ->X (x)=C,cos(wx)+C,sin(w x)
X (0)=0-C, =0
C,=0—X(x)=0

X'l)=0>wC,cos(wl)=0—
() 2 08(@ ) cos(wl):0—>wl=(2n—1)%a”:1»29"

=0,

2n -1 _ : -
— |, _@n-hm nzz ) (Eigenvalue) ——+—|X :sm[(2n 211)7”
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e a3l o 4 599 (5
ols ol Sl X)) il 5 el 2 800 FX a4l oS 4, 58 (S 81 I

gx)=x=)" kX, (x)

(2n —1)zx (2n —1)zx

[ls@)g (o)X, () ) [[x sin S M :j x sin] |
" s 0oLy, ()P Iol{sin[(zn ;ll)”x 1V 2dx (;j
Sk :% jox sin[2” ;ll)”x ldx = _G)((z%l)yj cos(nr)
o e 2 [EO 7 = E G, g ]
5 S eslidl 35 X, 55 ale o S 6 bas Jle I s sl bl S

Mw\)aéw\q wbwm)}eéﬂdu\gjjaféwboyxbwv.,.sj.,
sbe LX) J&b- b 405 S Jae b 3l latias LS« I 5y s S L
Sl ey Slalo )l e s (s Sole 4 5ed eslanal cos(nax/l) 5 sin(nmx/l)

'w‘oJml/fodjﬁuwaw‘)JCJ}wJ\;&\L}LpL?—‘\SJyon‘ WJJJJJU.:‘MW)J
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Jzo- A8l paoi 49 999 (5 g

OF s 1=0 ol 55 S 1k ool gl aas 2315 3 .S = 1y 55 ol > Jlinl allos )b
5o X=1 dais s .l i MXZgQKA slos ke f(X)=3x-2x7 cbes s

ol ol 031> &y s b (650 b A4S gh gk (il I3 L Tea OL
(0 -0 =0, a=1,1=1, x €[0,1], t >0

IC: 0(x,0)=f(x)=3x —2x°
BCs: @x =0: 6(0,t)=0, @x =1: 0(,t)+0_(1,t)=0

-v-uﬂ o S opl 2l 5 000 ) =X()T(1) onds 1 3 mi"'j”T Jo b 53 1 J= s i
T'(t)_X”(x)_/1 _ T't)—AT (t)=0
T X(x) X"x)-AX (x)=0
0(00,1)=0>X O (¢t)=0>X(0)=0
0(1,1)+60.(L,Lt)=0>X T )+ X ' DT )=0->X (1)+X '(1)=0

ol 15 Dygar (o3s mbmoins Jlde Al) Sturm-Liouville dles ) b
X'"x)-AXx)=0, X(0)=0, XDOH+X'1)=0
—>a(x)=1 a,(x)=0, a,(x)=0

J\

Canonical d

- p)=1, g(x)=0, |s(x)=-1]—"= o [X ()] -AX (x) =0
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Jb—““w‘““;ﬁéﬁ
v.a)b}\.:—(D <OL§\)L> u.pj_:«); v.:)‘u\.:fhp
X"x)+o0’ X (x)=0 > X (x)=C,cos(wx)+C,sin(w x)
X0)=0->C,=0
, C,=0>X(x)=0
XD+X'1D)=0->C,[sin(w)+ w cos(w)] = ,
sin(w)+ wcos(w)=0

+cos(w)
0=,

> tan(w, ) = -,
JJ‘J ‘LM«..:) VJL@M.)J«.J A.SJL&A u.:‘ .3)‘5\ wv\.: d‘}ﬁ A.SJLxA J?-J‘ ‘) LQO\) J\.:L:“SV..;J‘J 4\.?-‘}.: dL?-

(-5/\-")-2-’ LSLA M‘) L>w\ DL MJ} b ‘LSLM u.:\ J\.:‘)j,d\ T LSJV\.G Q_JL.M!L>=A uﬂ)b DL 45(5.3.)\.9

w, =2.03 - X, (x)=sin(2.03x) RO orA
w, =491 - X ,(x)=sin(491x)

W, =798 — X ;(x)=sm(7.98 x), note . 5Sm/2="7.85

w,=11.08 > X,(x)=sin(11.08x), note: Trx/2=11

w, =142 — X, (x)=sin(14.2x), note: 9 /2=14.14

n>5: @ =(2n —1)% > X (x)=sin[(2n —1)%x]
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Jze— 4090 o 43 399 (5 gw

Lz 1AN(O)=-0 dslre sislis S y=tan(x) s y=-x sl ls sal

J

i o] e
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Il D) o 49 399 (5 gw
=S o J= LT Jlew I

i dr f .
LT+ 0T, =0 >—"L=—q@ dt =>InT, =—aw.t +C,
Tn
~wpt +C, C, -t ~apt
=71, =e " "=ee ™ =Ce ™

=0(x,0)=Y X,T, =ijlcne—w5f sin(w x)

ﬁjﬂ Sy adsl b2 51 d e ol o L Jl-
0(x,0)=f (x)=D, C,sin(w,x)=f(x)=3x —2x’
J) 48l aans 40558 b b oy it SINMTX/]) & gy ) 55 oS |13 55 S Ll

. o |
)=k X,(x) e 5 )
P Iol s(x)f (x)X , (x)dx jol(—l)(3x —2x *)sin(w, x )dx
SO, Fdy [ (-Disin(,x )Pdx

) [((3x —2x?)sin(2.03x )dx

n=1—2"5C == ~116
[ [sin(2.03x )P’dx

) [[(Gx —2x)sin(4.91x )dx

n=2—to (= = 0.05

1 .
IO [sin(4.91x )] dx
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Jzo- A8l paoi 49 999 (5 g

[ 3x —2x?)sin(7.98x )dx
P S L SN G [ - 0.02

jol[sin(7.98x )dx

1 5 ' -
nD 1 e o J, (3 =25 sinl2n 1) 7x bx 88—z -1)(-1)']
Iol {sin[(2n —I)Zx 1} dx [(2n -z

O(x,0)=Y. X T, =>" C.e " sinwx)

= =1.16e 291 §in(2.03x ) + 0.05¢ 7" 5in(4.91x ) +0.02¢ 1 5in(7.98x )
8[8 n(2n —1)(-1)" ]e [2n-1)7 Pt
[(2n Dz

sin[(2n —1)%x 1+

jo.)wu 4.:‘)‘ (f}}&ﬁé@b@b)ﬁwd‘jﬁjﬁ&by L;L@.J c»béby&»o.iﬁw
))L’LSLGSJ"})‘L;{.V"‘]‘&U"‘ LL.: J.C«J\.:\o.l.w ‘J}“UJ}@MJAV"‘]‘&
w55 bl kxws cos(nmx/l) bsm(mtx/l) UJMX( 0% el del s sl bl

ed C>Cy>C> > C, s s il D555 e ol o ol &S 1S

Copyright © by Farzam Dadgar-Rad, Associate Professor of Rational Mechanics, email: dadgar@guilan.ac.ir, Spring 2020 140



swiigo Olob
Swilio (wiigo (wlbuw ) 0,590 0 399

palex Jad
Vb ad o (s (gf 051 Jaidl p10 SYSlao

Ay 5310 oy 48 2w g0
AT o310 (Sl (wiigo UKl
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YU 4 o Sl

JJ.P,.@ LJSHS.MJS u\jﬁpﬁm .)wabdangherOrder L "L 4.5]@“ I .AMbJ.o.w,a
&.JWL?—&_)‘)M\)Q‘LAW&)LA‘&J})JJGMBMW&LQWJ‘@JLcu

v-:m—if Ta u(x’y’z 1)
u(x,y,z,)=X(x)Y(v)Z(z)1(1)
S s b o il et Idie Bl slaas YU 4 e Bles 3 45 el O NPPUS

Olea L) o5y sldie dlos (1-1) 0T (6l WL il s e 1 glyls ol dsles ST JS
w2 o5y b g ey slide s (n-1) :pl s 5se J= |, (Sturm-Liouville 4l

.
o o~

.w‘:

059 et e Lile cwwf}uﬁeﬂxﬁj; SWPDE |> 4 Ly sl asC o als

&J})\J.au.,\fb w\:r;a\jﬁ-)udlf,\ﬂ}dg)j_ééuéﬁmﬁbuf‘_}jw‘_}});
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W93 41599 5 w— YL & o Jiluwo

jZaQ_JjL:o)jJLSb\JXJAMMWwam gﬁ jéjla.:).)bf(xy)cb
Ju)‘jﬁff)b‘j)u.:‘f\ﬁ:c.).wa Q_leﬁ:o)j.bébbybw

fx+2a,y)=f(x,y), fO,y+2b)=f(x,y) . f(x+2a,y+2b)=f(x,y)
2 sl 0,95 3 X a0 S 2T o3lS 093 sl f(x,1)=STn(X)COS(TTY) 2L Jls Ol s 4
JML;UJLMJJ:UamCL Jse B oS Cos 550 IS > o wyrmd\.:w
o3 o X e 0 o [ fan) 58 Lo 2B Y e I3k Jl-

+>. 4 (y)COS( )]

niwx )-I—B (y)sm(mrx

nix

niwx

4,(0),4, ()} = j f o) ileos(—=)idx, B, ()= j f (,y)sin(==)dx
jMZb &_JJLQ 69> L;ijWf u;jLwo ‘j.:B(y)jA O/)j O(y) Jj}- Lol
e Olye a4 2k 5 (Y e Wﬁ B Sl slp Ul e onl 2l

J'f (e +2b)eos(="2dx =4, (7)

A (v +2b)=

nix

B (v +2b)= f(x,y +2h) sin(—

)dx =B, ()

Q|>—AQ|>—*
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W93 41599 5 w— YL & o Jiluwo

e 2D Ol o33 L Y e sl s S B, (V) 5 A,(0) s Ap(Y) wsb S
:g;wu‘ J‘.’.) C)JM

-

Jor A,(v):

a mﬂy
Ay(y)=—" +Z _ La,,, cos(

mmy

)+b,, sin(

)]

I\

N
=
S

me@=—ﬂigﬁymw

mﬂy mmy

[’ A o () cos(

kb;—jffuykw( )dxdy

mﬂy mrmy

(” A o (V) sin(

)@——Lifuymm )dedy

Copyright © by Farzam Dadgar-Rad, Associate Professor of Rational Mechanics, email: dadgar@guilan.ac.ir, Spring 2020 144



W93 41599 5 w— YL & o Jiluwo

-

Jor 4,(y):

An<y>=“"—°+2221[am cos(’””y )+b,, sin(’";” )]

\

to = [ Ay = jf(x,wcos(””x)dxdy

mﬂy

[’ A (¥ )cos(

My == [ [ 1 (v cos ™) cos ™ vy

mﬂy

:_ A, (y)sin( )dy ——_[ j f(x,y)cos(nﬂx )sm(mﬂy Ydxdy
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for B,(»):
B,(1) =043 ey, coS(— ) +d,, sin(=, )]
<cno=—j (y)y——j [\ Geoy)sin( = ydsdy

=—j B, (y)cos(— )y =£,’fa_ f (r.y)sin(==) eos(*, S )dxdy
s L B, (»)sin(— = )dy=£,’“a. f G,y )sin(= =) sin(= = )dxdy
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dnmﬂ‘cnm cbnm canm LSL!A Jj,oj.e &N‘JL@J'%BJA o%ﬁ&@é@yﬁj A g

= [ 1 oy c0s S cos("E vy

== [ oy cos D sin™ iy

e % " I o sin S os("E iy
a o —a J—

d,, j [\ (e oy)sin( 5y sin(* vy
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sl 23 S 3@ J()) o piia s oslize b S 55 )55 (6w alg

i mﬂy

f(x,y>—“°°+ D@

o COS( )+b,,

l «=
+§Z’”Zl_ a
D2yl PR

+c,,,

niwx

a,, cos(

nix

) cos(

nix

sin( ) cos(

a

sin(

)+c, , sin(

mmy

|

)+b,

nix

a

mﬂy

mﬂy)+d

|

nrx
cos(

sin(

mﬂy

) sin(

mmy

) sin(

)

)
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i) 53 B 3 BV A Sl o 5 X 4 Cod ea (X)) S e g

a =b =c =0
f(x,y)= Zn ST d,, sm(”’” >sm<’"”y )
d,, =— j J, G 3)sinC 5 sing™ ey

W il 53 AEL m g3 Y on X 4 Cad o f(X)) ST

b =c =d =0
f(x,y)_“00+ Zm1 mcos(m”y)+12°°:1a0ncos(””x)
b 25m a
+Zn IZm N cos(nﬂx)cos(mﬂy)
where a_ = j j f(x, y)cos(”“)cos( "V yixdy (n,m =0,1,...)
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Y d S o2 5 X & s o S o9 Sl 25 LI, fe,y)=xy 4.:\5}.)4.:)}.96).» rJ s
s s LEL YT L

f(x+2n,y)=f (x,y +2n)=f (x,y), x,y €el-n,n], a=b=nx

—a,, =b, =c, =0=>f(x,p)=> ;‘jzldmsim”“ m”y

nm

)

) sin(

4 a nix m7ry

d = f(x,y)sm(
a

nm Jo Jo

)dxdy

) sin(

b
4 enpen . .
= xy sin(nx )sin(my )dxdy

2 Jo Jo

T
_ %( joﬂx sin(nx )dx )(joﬂ y sin(my )dy )
_AEDmT

T mn

f(x,y)=xy = Zn IZm 14( D™~ sin(znx )sin(my )

ﬂmn
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S ol Dol BBl iy 5 LG k’;‘aflg &,oaf.aslfga f\g,,é S e 5 &S
et g 0 e3in 33 Dy g 1 OF 5 e S SR 5o 1y S e po aBly el 4 8

Canonical Sturm-Liouville problem for X(x):
d | :
E(plX )+(q) +As)X =0==> find X, 2,

Canonical Sturm-Liouville problem for Y(y):

d , .
E(sz )+(qp +usy)¥ =0==> find Y, , u,

Orthogonality Conditions:

a
if n#k,x e€[0,a] = < n,Xk>S1:J.Xnstldx:O
0

b
if m=#r, yel0,b] = (¥, .Y =Y Y s,dx =0
m>"rs, m* r22
0
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48l paosi A5 9 41 599 (5
Extended Double Fourier Series of {(x,y) in terms of {X,,Y,}

FE)=20 2 ComX Y, ()

C...... Coefficients of Extended Double Fourier Series

_ J.(c)l.[sf (0, 0)X ()Y, (v )s1(x)s 2 (v )dxdy

C
J'(‘; J.(?X'%(x )Yn%(y )s1(x )s» (v )dxdy

nm

NOTE : In most problems, the weight functions s;(x) and s, (y) are constant.

In this case
_ J.(jl .[(?f (x,y)X,(x),, (y)dxdy

¢ a ¢b
o ] X 7 GO i (3 ey

nm
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Je-Y 4 3o Jilwo

Sy gy Lt ol OF sl ad plad 45 et sl 55T DLl el s alslas (JGo
.)\.:)‘5\ w.bbW(xt,y) cﬂbd&u}bﬁb}ob&“ L;*“*LLSL@"M-’LSJ'Q W‘J.:)

W, =cz(wwC -I—Wyy), c=m ‘y

(@x =0:w (0,y,t)=0 b

@x =a:w(a,y,t)=0

@y =0:w(x,0,6)=0

@y =b:w(x,b,t)=0

]Cs{w (x.y.0)=f (x.) T
w, (x,y,0)=0

BC(Cs <
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WY )=X)YW)T (1) ons o )3 (Y Ao 50

XYT "=c2 X "WT +xy 'T]—=or 1 oA 7Y

T X Y]

T " X" vy~ X" y "

— =t —]=1]|> =’12—

T X Y X C Y
@Ub&yb%pvﬁjbwcw\yj\ﬁUW\)W}X}\ﬁU%W}L{O{“

sl

Xu_l_YH_ Al
X c’ Y 1

T "

— = AT "—AT =0

T

X"

T _=pox—nx =0

5% n Ui
Y A

=L p=u—oy"—w =0
% o2 n=u H
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Je-Y 4 3o Jilwo
S o A L ol -

(@x =0:w(0,y,t)=X (0O} ()T (t)=0—->X (0)=0
4@x =a:w(a,y,t)=X @Y (D){t)=0—>X (a)=0
@y =0:w(x,0,t)=Xx)Y (O)T(t)=0—->Y (0)=0
@y =b:wkx,b,t)=Xx)Y G)(t)=0->Y (b)=0

(s al g 5 Oy ey (Sturm-Liouville) o3 5 1 dls 53 ) ol
X"-nX =0 ,X0)=0, X(a)=0
Y "-uy =0 ,7(0)=0, Y bH)=0
1L oS 313 L 015 e Sol a3 [T S 1y i 5 e ecte I ¥ L Ul
oM 55 8 0S o 258 o odowy w5 X (6l jhoo Clgzr w0 i 5 e ls D>
n=-a><0->X "+a’X =0—> X (x)=C,sin(ax)+C,cos(ax) R
u=-B><0->Y "+BY¥ =0 7Y (y)=C,sin(By)+C,cos(By)
X(0)=0->C,=0

X(a)=0->C;sin(aa)=0—>aa=nr - |a, :ﬂ,Xn :sin(nﬂx)
a a
Y (0)=0—>C, =0
Y (b)=0—C,sin(fb)=0— Bb=mn —|B, :ﬂb—”,Ym = sin(222)
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2 nw. ., 2 mrm._,

n=-a" " —->n,=-(—)7, wu=-p"->u, =-(—)
a b
A nrw mi
—-n=u—>A=clu+nl->4,, =<’ [() +(=) 1=~
C a b
-, =\/<””C>2+(mb“>2 mon=1,2,..0
a

w(x,y,t)=W (x,y)l ()

nXx mﬂy

) sin( )

ipw"bg o T(f) o 4 b (Ve g0
— e ST 4@’ T =0T, (t)=M, cos(w, t)+N  sin(o, 1)

nm  nm

= w,y,0)=)_ > X &W,0)T,, ¢

ModeShape =W (x,y)=X Y =sin(

nm

m7ry

w(x,y,t)= Z:zl Z:zl (M, cos(w, t)+N, 6 sin(o, t)] sin( )sm( )

m7ry

w, (x,y,t)= Zn IZml o [-M, sin(o, t)+N, cos(a)nmt)]sin( )sm(
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550 oy a5l Jaul 5 511 sgmes “—*i‘f*é Lk J- (F dlo 50

w(x,y,00=f(x,y)=>."_ ;’;Zanmsim ysin(C—) =1 (x,y)

m7ry

niwx

)=0>|N =0

nm

. NTTX
wt(x,y,O):anz L0, N s1n( ) sin(

e 5 ‘)f(x:J/) s g S8 53 58 Jao il S
nmx mﬁy )

) sin(
nx mﬂy

)sin(

fey)=2 20 du, sin(—

M, =d, Hf(x,y)sm(

)dxdy
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405 IS 03,5 Jiles Jo 53 4058 (5 psSlr as s S Gl 13 0L 4 55 L
@U s - 00 <x<oo auls L f(x) @U LS o8 ’V”il’“ R Ay ed (S bl

T R KT~ UISERE Y 21 5L o)5 b sl
{f,(x)Zf(x), —[ <x <
fi(x +20)=f,(x)

Sl ol & S Ol e Mas K s 1 () gﬁ%mupwwﬁ;%u&iqu
_ s Ols o rlpby ol Solgn b o0 b nsls U
limf, (x )=/ (x)

[—o0 m..:,b all> &S By q,j,,\fl(x) u{j\.ﬁbé\)\:f(x) ('*’"JS ‘J-<i-’ sl
niwx niwrx

+b sin
l) ; (l

fi(x) = "3°+ > [a, cos( )]
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nﬂy

i )y

t=1 ] 0wy a, =3[ Greos®dy s b, <[ f ()sin”

GBI mﬁ\j} B

fix )——j S )y + K [/ 0)eos(*2 >dyjcos<”’l’x>

( [' 7 )sin(” y)dyjm(”’” )}

S o ) ) e s Jls
ni T 1 Ao 1 do
— , >0 A >do=>|—=—
T [ T

Al o s 58 (S 53 il b

)= [ oty + X7 2 ([ f 0 cost@,p by Jeos(@,x)
+ (Il S (y)sin(w,y )dy )sin(a)nx )} Aw

—>fz(x)——ff(y)dy > Flo,x)Ao -
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(I 5> 0)= (Ao >do) = f,(x)—hm—jf(y)dy +| Flox)do

J:lf(y)|dy M <o = llm—jf(y)dy—O = f,(x)= IF(wx)dw

= £ )= [ costwn)([7f 0 )cos@r ay |

"1 0)sinor )y ) |de

+ sin(@x ) .

Fourier

Transformation > A(Ct)) = J-_oof (y)COS(COy )dy

»

B(w)=| f(y)sin(wy )dy

Fourier Integral

>1f (x)= lJ-oo[cos(a)x )A (w)+ sin(wx )B (a))]da)
T 0

o SN G IS 4 5 (i (Rl L) 4, oobas (A(w),B(0)) o 755«
Lo

1671
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f(x)= Lif xe|<1 :J”“JJTWJ%‘J“&)PJ‘KIJ\;QWMuw'@ugs\f.:J\ba
70 i Rz
. 1 .
[~ 1 sin(w 2sin(w
A(w) = B f (y)cos(wy)dy = J_ICOS(C‘)J/ )dy = (—y) _ (@)
o 0 a) _1 a)
[~ ! cos(wy )|
B(w)=| f(y)sin(oy)dy = J_lsin(a)y Ydy =— - ~0
-1

Fr) = [“[cos(ex )4 (@) +sin(wx )B (@)]d o = El [ cos(o x)sin(@) ,
7T 90 o0

()

aysh ISl Sawsnl bl 5o 5 f(X) 555 ol sy JSE ol SKvse bl s a4
aads S X= Oa\h‘ucd}eamﬁ_}}‘)u);mwu\ym w\w\)jwéu»w&b g

v.:)\b‘\hbjb )J w‘éﬂwybm&x ]ﬁé"""j‘"

@x :0:f(x)=1=3j cos(0) (@) j“’sm(“))dwzl (*)
T Y0 0 )] 2

@x=1: f(N)=limf(x)=1, /()=limf (x)=0

1)y+7 1" 1 sin(w 1 p=sin(Rw

L) A —_—j 2 cos(w) ( )i =1 ( )d(Za))—>|(*)
2 7 Qo)
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4598 JI,551 g Jouwd

fGodd o g () =0, B(a))=2jooof (y)sin(oy )dy ,f (x) =

T
1

ferea s B(w)=0, 4(w)=2] f(y)cos(wy)dy , S @)=

! '0 sin(wx )B (0)d @

.0 cos(wx )A (w)d w

J\J.b.w.:cj‘)b JJ.9 u)j@ \J"‘ Q\ydoc.l.wb oy L_L:J.x.: [OOO) M‘J‘)J‘f(X) L:JS\ 4."‘94
Sledse B 1 Lads 50 Sl pl s (on-y\ Jj“.}w‘)ﬁ“swjms‘jww L;L@.la.w.; wlis)

odd expansion

JJJSLsAoJLw‘ dj.e

s A(w)=0, B(a)):z_[:f (y)sin(wy )dy ,f (x)z%_[o sin(wx )B (w)d

sy B (0) =0, A(w)=2]"f(y)cos(@y)dy ,f (x)= %f: cos(wx )4 (w)d &

Q‘ M(ﬁf ‘)j.b.w cbj.wwcu‘)jﬁ J4J\.~.: ‘)\wwﬁj yw Q)?J‘F‘S&MMU),O

Mﬁ@f}UJMfJ‘)}‘WJJBUAS‘)M‘)‘)&J‘J.{&‘JB ML’LSA

f(x)—% U f (y)[cos(wy )cos(wx ) +sin(wy )sin(wx )]dy }da)
_Ly _OOUOOf (y)cos[o(y —x)]dy }da) ==>1S even w.r.t o
7T °0=0 —00
[ 0)eos[o(y —x)Mvd o
T o=

Copyright © by Farzam Dadgar-Rad, Associate Professor of Rational Mechanics, email: dadgar@guilan.ac.ir, Spring 2020

163



4,9 1,530 g oo
'v.:)b uﬂjswtb Ddp3paary b s b
—j j f (y)sinfo(y —x)]dyd @ =0 (since the mtegrand 1s odd w.r.t a))

f(x)= ﬁ [ [ 1 ){costo(y —x)1+i sin[o(y —x)]}dyd o

1 o o io(y —x _ 1 * 1 * iy —i wx
S GO )dydw—ﬁjw{ﬁjwm)e dy} do

" F(o)e ' dw

1
:ﬁf_w

cq)j.é&x;éf)bo—f }ym“j}f)&_J)‘Mu‘uﬂj.{xx blise 458 Las wolg oo

Ll e bl o slas 4l x glas s ool J\.«SLSAF(CO) J;.Lq\)f(x)tb
Complex  [F(f (x)):F(a)):—J:f (x)e'* dx (x = o)
Fourier \/%

Transformation |§ " (F(®)) =/ (x) = %J.ZF(CO) e’ ™dw (@ —x)
7r

338 e Klg e ol B s e 5 ke la Cadle gl o 8 Lilgy s ta> g
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Ji—dg 599 J1,851 g b

J)=exp(-x?) mb a5 Las aloes S llas 1o

1

S(f (x )):F(@)Zﬁjie_xz e dx
1. o o
_ \/;_J.Oo e—[xz—iwx]dx _ \/;’_J'OO e—[x—?w] e 4dx
T v T
B B

4 L2
e o —[x-——iw] e w2
= J. e 2 dx = J e’ ds =

27

NOTES :

Dix?—iox =(x) —2x "2 (220 (9 _py —Lipp+ &
(D:ix"—iox =(x) xz(z) (2) [x 21]
(2):if x—%ia)zs —>dx =ds
(3):[ eds=+/r and
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3

s Jes ol -4 590 JI SN g o
488 Jod olgs
U39 hr Caols ()
If §(f (x))=F(0) and §F(g(x))=G ()
Va,b e R —> S(af (x)+bg(x ))=aF(a))+bG(a))
Js! S - (Y
If g(f(x)):F(a)) and Vc eR
> [F(f (x —¢))=e""F (o)
PROOF
S(/ x-0)= =[S (r )™

= Let x —c=z =>x =c+z,dx =dz

= 3(f (x —c)):ﬁj.iof (z)e'*¢*dz :ﬁfif (z)e' e “dz =

=e'™ {ﬁjif (z)e'”dz } =e"““F ()
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3

s Jods ol 98 1SRN g Javd
bt i Sl (P

It g(f(x)):F(a)) and V¢ el

Sls( <cx))=ch<§>

PROOF
F(f (cx))= j £ (cx)e ™ dx
= Letcx =z = Xx =Z—, dx zdi
C C
iw(;)di_ Zdz

= §(/ @)= S @)e S e

0)
Now let w = —
C

. 1 | )
= F(f (ex)) = L_j fz)e dz}:;.F(w):;F(:)
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o bt sol-a 388 J1 S g Javd

e ) 5 5 s a L) ) s b S iR i sl (&
:V'U\J LG

F(f'(x))=(-io)F (»)
PROOF

! _; * ! i wx
(@)= S e
f'(x)dx =dv > f(x)=v(x) and e’ =u(x)—> (iw)e'“dx =du

30w = | e @, - [ G e

0

= (—iw)ﬁjif (x)e'™dx =(~io)F (v)

"J"J“ui‘*‘f(n)(x) s f(x) 5 f(x) cu)j.e}}u.u TG as 0 sy e fds ool (0

L s LD sls g i Salgw 53 (Sea V() L5 f1(X) jf(X) (e 53 j(\wb‘
3/ )= (-i0) F (o) =
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ash ks ool -4 598 J1pS0 g Jand

o S f0) S) a8 has 5 Kos le e 4 Cond GRie glmls cools (1

a%g(f(x,t)):g(%j:(%F(a),t) Note : x > w

b i ol sl 3 80 5 fD) 81 i )5S UK e bl pls (¥
(Convolution Integral) «.sb »g 5[ 2855 IS5, 55 IS st

f)®g0)= =[x -2)z X

ol S ILSE el
F(f (x)®g(x))=F( (x)F(g(x)) =F ()G (o)

= |3 (F(0)G(0))=f (x)®g(x)

PROOF : §(f (x)@g(x))zﬁjif (x)® g(x)e' ™ dx

o 00

w{ﬁjif (x —z)g(z Mz }e’w [eiwze_iwz ]dx

Zg(z){ﬁjif (x —z)e'*“dx |e'”dz —>
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ash ks ool -4 598 J1pS0 g Jand
Let x—-z=y — dx =dy

S3( (M®g(ﬂ)=ﬁfig(z){ﬁjif ()’ dy }e”‘”dz

L .:)Og (z) [F(a))]eiwzdz

NOTR
- F (o) _ﬁjig(z)emdz } = F (0)G ()

Lol (o, LYlS e LS olal o o WY Los  plal i 68 I Kol aS 5 4
R el 0P RIS o 0 NS (R o O Sl

Laplace Transform (t —>s):  £(f (t))=F(s) = j:e—“ £ (t)dt

Convolution Integral based on Laplace:f (#)*g(¢) = f;f (t—-1)g(rt)dr

Laplace Transform of Convolution Integral: £(f (t)*g(t)) = F (s)G (s)
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ash ks ool -4 598 J1pS0 g Jand

cu)j_e‘}.ucmba;fmd;cbu(x)j&;wo-.s.,\.oﬂ>0&;\

i (x)e e dx

30,000 )= =]
:ﬁL

1 e—[ﬂ—iw]a

:\/E.,B—ia)

e Prokgy =

=A

1

1

V2 B -ie]

I e

ioa

i ma

I
—> ( (x))_}?lg%A_\/ﬁ'—ia)_ﬂ' -

— |5

cb u,y“};.u (/\

e—[,B—ia)]x ®

a

I

(”A(x)):wm:

|
—IwN27

J:.L.: .)\JJM&AQ_@}&JJJ‘)&_)JMJ}“}UMSL: Cbﬁ)uﬂjb CL: ijb Cb 44)‘33‘}4.\.0 (*
h if a—-¢<x <a+¢

hsa(x): . .
in other points

W‘J")u)j*@f"

if h ———>I P, ..(x)dx =1— P is called the unit pulse

S(Ph,g,a (X )) — \/E

2he oo sin(we)

e

L sl s
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ash ks ool -4 598 J1pS0 g Jand
PROOF

S(Ph’g’a (x )) = ﬁjiﬂ’g’a (x)e'dx = ﬁj:t he'® dx

at+ée .

h Lwx Lwa . . 2
— .e — h .e .(eza)s_e—za)s).z

V2 o N2 Lo
B 2h eia)a eia)s_e—ia)s B 2h8 eia)a
r o 20
(sl 3 Doy 3 Ol sh A5 5 a0 b s (mpulse) o mb 4,58 Jods (1

sin(we)

2T WE

1
— —e<x <a+
S(x —a)=lim P, (x)=12¢ if a-¢<x<a+e¢
hZ% 0 in other points
S(é(x _a)): eiwa
V27

if a=0—> S(é(x))zﬁ
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.

assh b ol -4 598 J1RS0 g Javd

PROOF
2hee'™ sin(we)
S(o(x —a m S(P X lim :
( ( )) (1) ( h,g,a( )) o (1) \/E i
h=o h=o
I VLR T

V2 2¢ N2

j_ié(x ~a)g (x )dx =g (a)

Jy&&.bﬁf);))j@[ OO) O‘)L")JOML_.L:J}JC\‘}:LS‘JJ

Cosine |3, (f (x))=F, () = \/% ["f () cos(wx )dx (x = o)

Fourier

Transformation |F (FC (a))) =f(x)= \/ZJ'OOFC (0)cos(wx )d (0 — x)
90
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ash ks ool -4 598 J1pS0 g Jand
e 4 B s Jodd el 1ALl e 4,88 S i bl (V)
D3d o & 5 S [0,00) 03l 55 et iy 5wl 5l

Sine (5, (/ (v)) = F, () = E [ @) sin(ox )dx (x = )

Fourier

Transformation |3 (F, () = f (x) = F . F(@) sin@x)do (@)
T 0

bl 1 ALRL (o S 5 (e 4588 DB Gl ¥ e GRe b St (1Y
1S eSS g o s 458 OO L xS

5. (f"(0)) = ~0%5. (1 <x>)+\/% of (0)

5 "0)) =03 (1 w-Ef )

PROOF

5(f"(x))= \/%J.wa "(x) cos(wx )dx

— \E[f '(x ) cos(ox )| +a)j°°f '(x ) sin(@x )dx} -
T 0
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ash ks ool -4 598 J1pS0 g Jand

>3 (f"(x))= —\/%f '(0) + a)\/%f (x ) sin(wx )|, - a)z\/%j:f (x ) cos(wx )dx
= —\/%f "0)-0°F.(f (x))= —\/%f '(0) - 0’F, (w)

dowld Jl0 30 1) ) OB0 Wb (Jawil y0 OYSlae Jo 40 4299
S 350 goodlaal By aluel balisee a9 LS 510
L3 (00, 00) o350 Wl iy a5 aials (3l
.Jj.\i»j_éﬁp-OOjOO)J C)TLSWJJWGUJ\J}"(?
14S 3 ph poodlinal By alael wgenS 458 Las I (Y
LU [0, 0) o3L las Gy s aals (L
S o 00 3 Ol Glginie 5 Jsgrme mb e (o
Al ol eals X=0 aki > Cj\.}’ e e <C
S 350 o eslizl iy abnel o 4,53 ks 51 (F
LG [0, 0) o3k las iy a5 ausls (L
S o 00 3 Ol Glginie 5 Jsgeme mb e (¢
AEL eld eals X=0 aki > @U > 5 5l A (C
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e 599 JI,551 g Jrond
Jlas PDE | s llas 2 Jts
u,—u_ =0@)o(x) or u,-u_ =0, x €(~o0,0), t=0
u(x,0)=0o(x) , u(ioo,t):u (ioo,t)zO
g(u(x,t))zU(a),t)—ﬂjwu(x,t)emdx (x —>a))

Fu, (x,0))=(io)F(u,t))=-0Uo,:)
o
g(ut(x,t))=a—ts(u(x,t))=Ut(co,t)
MLQ""LSA°JW\J?’L§}9 b\j))\}ﬁé@(f[ﬁﬂb .19.1;'.>v.a> 4.3')}.9 &MPDELJJLJJJ\ db—

(1,1 ) = (B05) > U, 0.) + U (@)= 20

27

— u(t) = expjafdt —e”"
(t) I (t)e“’ztdt+C =

S [e”"U(w,t)] = ﬂ ewsz(w,t)zj% J;_ﬂ

J;TZ L) ()
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> U (w,t)=(



i 599 J1,53 9 Joond
1S s b %Jj“bﬂ)\d\yLSACLSJMQ‘J.{.\J‘MLQJJJ‘WJJ;«@}

1 1
ux,0)=0x)>F(u(x,0))=5(0(x))=—— — U(0,0)=—=
(0 =00) > (b 0)=§(60)) =57 = Ul0 =152
M\Jmﬁ\j}ﬁb‘)‘jiwké*@\))JtZOQJ\J‘)‘J}LJB
1 2 1
U(0,0)= +Cle V= — - C=0
(@0 =z ) 2z

1

S U(w,t)= e
V27 _ -
u(x,t)=F " (U(w,1))= U(a),t)e_i“”‘da) (w0 —x)
o)z L

— za)xda)_ J. —[wt+za)x]d

b

0t +iox = (o) + 2(a)\/t_)(2i\/t_

)—a)\/_+

2f 2\f f
[~ + ix xz e 4t [t + ix

1 o6} 0
—Su(x,t)=— ! e “do= e 2 do
(1) 271".._00 21 J—w
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i 599 J1,53 9 Joond

dz

Let z =i +-2 &5 dz=ido—> do=%

2t Jt
e_z_t o 2dZ e_x_ )z”

—u(x,t)= e’ e’ dz—)ux,t =
(-0 27zj—°o N 27zfj b= 2\/_
L}{GAPDEJ}WJMM s JUo
=0, xe€[0,0), t=0

U, —a’u.,
u(x,0)=0, u (0,t)=g@)=1, u(o,t)=u_(0,t)=0
ol X pate (S35 o ALl pwgnS 48 oS Jlesl ¢l bl 5 2o
5. (” (x J)) =U(w,t)= \/zjw u(x,t) cos(wx )dx
T 9>

(x > w)

5. (uxx (x ,t)) = —a)23c (u (x ,t))—\/%ux (0,¢) = —o°U (w,t)— %g ()

8. (u, (x J))=a%& (u(x,t))=U,(o,t)
u(x,0)=0-> F (u(x,0))=U(w,0)=0
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i 599 J1,53 9 Joond
m@wobwﬁw‘ﬁyb\j))\jﬁ;wab wjﬁmsc\.i)jﬁ ”MPDELJJLJJJ\ db—
S:c(ut_a2uxx):gc(o):O%Ut(wat)_az[_sz(wat)_ gg(lt)]:o
T

- U, (0,t)+(aw)’U(o,t) = —\/%azg (t)

(co)’t

5 u(t) = expj(awfdt =e¢

t

—>[e(““’)ztU(a),t)]':—\/zazg(t)e(‘m)zt L0,
7T

_y pla)’ty (0,t)-U (@,0) = jt H—\/zazg (H)e (@)’ Ddt
—— Jo T

0

2 : :
SU(0,t)=—|= a’e @ fj;g(t)emw) 'dt
T ~ . . V.
S o s ALl S 4558 LS O alail

u(x,)=3"(U(w,1))= \/%J-OwU(w,t)cos(a)x yd o (@ —> x)

2a2 * —(aa))zt ! (aa))zt
=== [Tlcos(wx)| e [ g)e“dt |rdo
T 0 0
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i 599 J1,53 9 Joond
(il aal = G T S s &) o Gillas ST -

! Ota)z t Ota)z 1 Ota)zt 1 aa)z
Iog(t)e( )tdtzjoe( )tdt:—(aa)fe( = ——[e ) 1]

0 (aw)’

U(G),t) = _\/za2e(aw)th.;g(t)e(aw)tht _ —\/z%[l—e(aw)zt]
4 T ®

u(x,t)= \/ZIwU(w,t)cos(wx)dw
T 0

= | u(x,t)= —%J.Ow{é[l—e(“”)zt |cos(wx )}da)

LB 5 esle oo ) 518 IS 5l eslinal 51 e 655 O LS Jlesl U G5 allons a5
o) 3508 Sl o LAY s Jleel S bl s g Sk e

—kx 2 k —1 k \/;kx
&(e ) \/;a)2+k2 5. (a)2+k2j 2°
k _ T ko -1 ko \ _ 2 k

SES O
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i 599 J1,53 9 Joond
ko 2 o o T i 2aels)) ko Taglg y (> 99
ACE o)

_.——)gil = —_—
T oo +k? *\w*+k? 2

X _ T ko —1 ko '\ _ 2 X
(st
kY |2k . k N N

S(e )_ 7r'a)2+k2_)S (a)2+ 2)—\/23

k Tkl —1 k|
ot

-

U, +u, =0, x €(—w0,©0), y €[0,0)
u(x,0)=1(x)

(u (o, y)=u (£0,y)=0, wu(x,0)=u, (x,0)=0

s PDE | o sllas 2t

J\

330 o 1y s ol Ol o iy 55 o {JVT} ol b L s 3 (V) 5 (V) sleds, Lol
(2,05 Sl Jalizes a5 58 L Vo) X e (55 Jalises 4558 Lo Jlesl (3

V xSy oo g s s el (V
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Sr)=U@y)=p=[ uty)e™dr @« o)

Sy (x,0))=i0)F(ux,y))=-0U(o,y)

§(u,, (7)) = afz 5 (ue,0))=U,, (@)
u(x,0)=f(x)>Fu,0)=F(f (x))>U(0,0)=F(0)

olad om0l 55 B8 Lailgy Sl s S e oabinel Blisee a8 s PDE G jbgs 5l Jl-
F(u, +u,, )=3(0)=0>U,, -0’U =0

SU(w,y)=A4(@)e® +B(w)e ™

if ©o>0->A4(w)=0,U(w,y)=B(w)e ™

if ©o<0->B(w)=0,U(w,y)=4A(w)e”

U(a),+oo):0—>{

— unified solution: U (w,y)=C(w)e ol
U(,0)=F(0) > C(w)e " =F(0) > C(0)=F(0)

U (0,y)=F(w)e "
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i 599 J1,53 9 Joond

o 45 5 o gt 3 oS L e 0 20 e sSre w58 LS 5 lsles 1 L -
Sl S s o 1 T 4 e S ki LSS E\: 53 o palol Sl s
Do aslisdl o0 1S 1S

U(w,y)=F(@)e |, let ¢ =G(w,y)
F(F(w)=f(x)

3 e )= )

T X4y

u(x,y)=5 (F0)G(o,y))=f (x)®g(x,y)=ﬁjif (x —z)g(z,y )z
I S PN Y N A P
et

] ¢
S =—[ f(x-z2)—5E—dz
T 9= Z5+y

—ole )= [ O s
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i 599 J1,53 9 Joond
(ut —azuxx =0, x €[0,0), >0 JJ'LEAPDEJ} S s 3l
BCs: u(x,0)=0, u(o,t)=u_(o0,t)=0
IC : u(0,t)=A = constant

.

S, (u (x ,t)) =U (w,t)= ‘/EJ.OO u(x ,t) sin(wx )dx (x > o)
T ¥—®
B (1, (x,1))=—0"F, (u(x ,t))+«/3 wu(0,t)=—-0U (0,t)+, /ga)A
T T

S, (ut()c,t))za%g5 (u (x,t))zUt(a),t)
u(x,0)=0- Sﬁ(u(x,O))zU(a),O)zo

§ (u, —cu,)=5,0)=0->U, (0,t)-a’ {—a)zU (a),t)+\/za)A}
T

0

—>U,(0,t)+a’0’U(o,t)= \/zazAa)
T
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i 599 J1,53 9 Joond

2 2

— u(t) = expj-aza)zdt ="

S [e“U (w,t)]' = \F 24 we® I—>e“”U(a)t) U (0,0) = j\f 24 we® " dt

\/7 | —e @
—>U(w,t)=

S S e 438 oS (Gl S b
u(x,t) =3 (U(w,0))= \fj U (w,t)sin(ox ) d o (@ —> x)

:\/:joo\/:Al_e sm(a)x)a’a)—ﬁ [l—e_“zwzt]mda)
w0 N7 Q0 w0 Q)

NOTES :

1) e;f(x):%j:eﬁzdﬁ, ezfc(x):%jjeﬂzdﬂ, erf (x )+erfe(x) =1

) j g0 sm(a)x ) deo ——elf (_IB) N J:oe_a 2,2 sm(aiz)x ) Je \/t_)

3) j:mda):%, erf ({0.1,0.5,1,2}) = {0.11,0.52,0.84,0.995)

6
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i 599 J1,53 9 Joond

— Al - X
gV A o

—>u(x, t)—2A r_r

—>|u(x,t)=Acerfc( a

205\5)

s PDE | o sllas 2t

( 2
u,—cu_ =0, x e(-0,0), t =20

M(X,O)Zf(X), ut(xao):g(x)

\u(ioo,t)zux (£o0,t)=0
wlge X pxie (555 p Alael Lalisee a8 Lud dlasl (6l 5 Ll 123 2o
S(u(x,t))zU(a),t)zﬁjiu(x,t)eimdx (x = o)
Fu, (x,0))=(io)F(u,t))=-0Uo,:)
o
g(utt ()C Y )) - E?t_zg(u ()C ,Z)) :Utt (a),t)

u(x,0)=f(x)=>F(u(x,0)=3(f (x))>U (0,0 =F(o)
ut(x,O):g(x)—>S(ut(x,0)):S(g(x))—>Ut(a),0):G(a))

.
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i 599 J1,53 9 Joond
ML«JLSAOJLM‘J.:JJ.\.gb\j})\jﬁ;dﬁfmbMwa)y&MPDELJJEJJ‘)\ J=
S(uﬂ —c’u, )=S(0)=0 —>U, +(cw)’U =0
S U (w.t) = A (@)™ + B (w)e ™

U (@,0) = F (@) > 4 () + B (@) = F (0) }%A(”)%[F( )+ G

U @0)=G (@) texlA @) -8 @1=0@] | ) _Lip(g) -9

S U (@) =2 IF @)+ DD 4 [F (@) - LDy

S S b OF S5l L5 Lt o ;S e sSan w58 fdd G bl Mﬁzﬂyﬂé
w(e,)=§ (U (@,0))=F @[F(”“(jgc))] o IF () - l_wc)]el““j

Property2: § (f (x —¢))=¢““F (o) > § " (¢““F (0))=f (x —¢)
FH(Flo)e™ )=f (x —et)

%

T (F(@)e ™ )=f (x +ct)
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Jle—dg 598 J1 550 9 Joons

Property8: S(Li(x)):iw:/lz_ﬂ - Sl(ij=—ﬂd(x)

Property7: § " (F(0)G(w))=f (x)®g(x)—>F* (G (a))ij =272 (x)®i(x)

5 (G (a)),ie’”aj: —2mg (x —ct)®ii(x ~ct)
Properties 2,7:1 '

1w

5 (G (w),ie"”’“]:—ﬂg@ +et) @i (x +ct)

—\27

:>u(x,t)=%[f (x —ct)+f (x +ct)]+ .\/;_ﬂj.j_oog(z)d(x —ct —z)dz

—27

1 eo
2c MLZ‘“’

gz (x +ct —z)dz

" g@yi —ct-z)dz =[ " g(z)dz

" g@)i et -z)dz =[ " g(z)dz

- u(x,t)zé[f(x —ct)+f (x +ct)]+ijx”:g(z)dz
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Copyright © by Farzam Dadgar-Rad, Associate Professor of Rational Mechanics, email: dadgar@guilan.ac.ir, Spring 2020 189



First-OrderPDEs :

Let u(x,y) be the unknown function. The general form of 1st-order PDEs

is given by
F X 9y 9” 9a_u;a_u - 0
ox Oy
: ou
Often the notation |p = —
Ox

EXAMPLE: p’ +sin(up +q)+q’ +x +cosy =0

Quasi-linear 1st-order PDEs (/inear in p and q):

and

q

o
Oy

a(x,y,u)p +b(x,y,u)p =c(x,y,u)

The main focus of this chapter is on Quasi-linear PDEs.

Linear 1st-order PDEs :

a(x,y)p+b(x,y)p =[(x,y)+ﬁuJ with [ eR

c(x,yu)
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LAGRANGE's method of characteristics to solve QUASI-LINEAR PDEs

Let |g(x,y,u)=u(x,y)-u=0| where u(x,y)=formula of uin termsof x & y

NOTE that g=0 defines a surface in the {x,y,u} space.
This 1s similar to z=f(x,y) and g(x,y,z)=f(X,y)-z=0 in Calculus II
Calculte the gradient of g at a given point (x,y,u):

0g ., 08 i+ 0g ) _ duxy). OJu(xy) ik
ox 0Oy Ou O0X oy

Vg=

N pit+tqgj-Kk
IN| \/p ‘+q’+1
Now considera curve C lying in the surface g=0 and passing through

= |IN=Vg=pi+qg j—k| = unit normal vectortog: n=

the same point (Xx,y,u).If s is a parameter by which the curve is
parameterized (e.g., arc-length) then any point on the curve C can be
described by the poistion vector r given by

x(s))
r=<y(s) p =x(s)i+y(s)jtu(s)k

[u(s))
191
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Tangent vector to the curve C (recall from calculus II):

T=lim r(s +ds)—r(s) _ dr(s) _ dx (s) - dy (s) i+ du(s)k
ds >0 ds ds ds ds ds
NOTEI: since T is tangent to the surface and N is perpendicular to it,

it then follows that N.T=0
NOTE2: We can rewrite the PDE in the following form

C -

al (b )
aptbg=c = aptbq-c=0=<b;.5qg =0=>M.N=0

\C J \_1)
fa\
where M =<b ;1s called the MONGE vector.
C

M.N =0 — M is always tangent to the surface

Now, one may consider another curve C in the surface, whose tangent T is

in + M direction — |M and T are in the same direction
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dx /ds a dx a
Now, if M and T are in the same direction = T=kM = {dy/ds ; =k b = {dy ; =kds <b
du /ds c du c

dx dy du
a b c

=kds = find two |characteristic curves ¢(x,y,u)=cyandy(x,y,u)=c,

= for any function f, |f (¢, ) = 0]1is the general solution of the PDE.

We will later prove this point as the LAGRANGE's theorem.

NOTE : The method of characteristics can be extended to higher dimensions.
For example, if u=u(x,y,z,t,w), then the quasi-linear PDE is given by
ou ou ou ou ou

I T

where a; =a; (x,y,z,t,w,u) 1=1,2,...,6

dx :dy :dz dt :dw :du _ kds

=
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EXAMPLE : find the general solution of x 8_u+ y 2 0u =u +1

ox oy

SOLUTION - a=x. b=y2, cou+1 =& 4 _ du

, : i 1
Step1: Take the first two fractions: Al dy__integrate >In(x ) =—-——+¢;

x Y

= ¢y =[xy ) = In(r )+ —

Step2: Take X — U _integrate |y ) in(x )+, = Ineax )
X u+1
Cy u+1
with ¢,=In(cy) D u+l=crx = cHr=|ly(x,y,u)=
1w+l
u + =0

forany f:  f(py)=0 — f(ln(X)+;, .

u+1

:h(ln(x)+i) - lu(x,y) =x h(ln(x)+L)—1
y y

NOTE: since f is an arbitrary function, then 4 is also an arbitrary function of ¢ =In(x )+ —.
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ZZQ N g:a+0:a—0:a+n0

B n p__B+n p-n p+ny

EXAMPLE : find the general solutionof x(y —u)p+yu —x)q =u(x —y)

SOLUTION :a=x(y —u), b=yu-x), c=u(x-y)=
dx o dy _du

x(y—u) y@-x) u(x-y)

STEP1: add all fractions in the numerator and denominator:
dx dy du dx +dy +du

NOTE: A key relation Vn (number or function)

_ _ — =kds
x(y-u) yw-x) ulx-y) x(y-u)+y@-x)+ulx-y)=0
— d(x+y+u)=0 integrate , +y tu=c; =>c;=p(x,y,u)=x+y +u
de A du
X Y u

STEP2: rewrite the fractions as = =
(y-u) @m-x) (x-y)
Add the first two fractions in the numerator and denominator:

dx  dy du
x __u &y du
(y—u)t@-x)=y-x (x-y) x y u

dx +dy +du _(__integrate
X h% u

forany f:  f(o,w)=0 —> |f(x+y +u,In(xyu))=0

%

>In(xyu)=cy = ¢ =y (x,y.u)=In(xyu)
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PROOF of Lagrange's Theorem: writen by marker in the classroom!

Cauchy data: Any extra information on the PDE is called as Cauchy data.
EXAMPLE: Solvexp +y 4q=xeu. The Cauchy data are given by

u=y on the line x=1

SOLUTION :a=x, b=y* c¢c=xe"= dx :dy4 _ du
X oy xe"
_ i 1 _
STEP1: from dl:dizy dy integrate >In(x)=——1y 4+1+c1
X y4 —4+1
1
:>01: ¢(.x,y,l/l):1n(.X)+—3
3y
dx du u integrate -u
STEPI: from —=———>dx =¢e du >X =—€ +C»y

X xe!
add all fractions in the numerator and denominator:

=cy=ly(x,yu)=x +e"

forany f:  f(w)=0 — |f(d,x +e)=0l>x +e™ =h(¢)

—e'=h(¢g)-x > u=—In(h(¢)-x)— u(x,y)z—ln(h [1n(x)+3%}—x}
Y
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Now consider the Caucy data:

Let x=1and u =y in the previous relation: y=—1In [h [ln(x )+ LJ —X ]
x=1

3y3
1 _y 1 —y
- h —3 —1=e > h —3 =e +1
3y 3y

-1
1 1 3
> Lletz =—5— 32y =15y == |h(z)=e V¥ +1
3y 3z

&

-1 1

—>h(¢)=e@+l—> u(x,y)=-In e@+l—x with ¢:1n(x)+%
3y
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Fully Nonlinear First-OrderPDEs:
Recall that the general form of a fully nonlinear 1st-order PDE is given by

Flayu 2% ]y
ox Oy

In general, there 1s NOT a systematic method to solve such PDEs

In some special problems, one may use multiplicative or additiove

decomposition of u(x,y) to solve the given PDE

Multiplicative or additiove decomposition: u(x,y)=X(x)Y(y)
Additive decomposition: u(X,y)=X(x)+Y(y)

EXAMPLE: Solve (yp)™ + (xg)" = (xyu)™ for m =2
SOLTION: An expection of the PDE shows that one can use the
multiplicative decomposition u(x,y)=X(x)Y(y)

—)p=2—;1=X Y | =27u:XY (VX Y )+ (XY ) = ey XY )2
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2 2 2 2
devideby (YX 'V )7 fxXY 'V (XY (YUY oo
R.H.S. xyXY xyXY xX yY -

N -
only x only y
_>X__+ﬂ, —>d£—+ﬂ.xX —)di—Jrﬂ.xdx
xX dx X

ln(X):i%leJrCfl —> X(x)zCleXp(i%}txzj
P\ 2

1_(Y_Y] =A% Y '= +yY \1- —)——+\/1—ﬂ.2ydy

—>Y —+—\/ ﬂ.zy +C2—>Y(y):Czexp(i% l—lzyzj

—>u=XY Cexp(+ Ax ? +—\/1 ﬂ.zyzj
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EXAMPLE: Solve f(x)p™ +g(y)¢™ =u for f =g =1and m =2
SOLTION: An expection of the PDE shows that one can use the
additive decomposition u(x,y)=X(x)+Y(y)

—>p=a—u:X', =8—u:Y'—>(X')2+Q/')2:X+Y
Ox oy
S|l )?-x =y - )2 =2
2 r—y dX
—)(X ') — X =A-oX"=%JX + 1 —)X—/lzidx
_|_

Slet X +A=B—dX =df—> B V2dp=+dx — 2B =2JX +1 =+x +C,

— ‘X :i(ix +C)* =2

Y —( V2 =AY '=xfy —p Sy Ly :i(iy +Cy)% + 4

—>u=X +Y :%(ix +C1)2 +i(iy +C2)2
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General Form of Two - Variable Second -Order Linear PDEs :

For u(x,y) as the unknown function, the general form is given by

A,y g, +B(x,yuy, +C(x,y )y, +D(x,y)u,
+EX,yu, +Fx,yu=Gkx,y) )

Define |[A=B2—-44C

NOTE : In this chapter, x and y are arbitrary variables, and one may

replace each of them by "t" or any other variable.

We seek the new variables (&£,77) , so that the PDE in terms of the new

variables takes a simpler form. The transformation between variables is given by

x=x(§,n)} if J %0 ){é =&(x,y)

y=y(&,n) n=nx,y)
Jacobian of Transformation J= ZE?U; # 0 (for one-to-one correpondence)
17
u(x,y)=ux(S,n)y(c,n)=uls,n)—>| ulx,y) = u(s,n)
— —
u in terms of  u in terms of
x and y Eand n
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Now, we calculate all terms in (I) based on new variables:

g 2 Oule,y) _du(g,n) _oug,n) o8 , du(g,n) on
) Ox Ox 0 ox  on  ox
—> Uy :ﬁgéx +ﬁ77nx (1)

_Ou(x,y) _ous,nm) _ouls,n) Jg  ouls,n) On
y Oy oy 0 oy  on oy

— (u =ﬁ§§y +ﬁ,777y (2)

D 5

Uxx :a_(uééx +u7777x) (uééxx +u7777xx )+§x _(u§)+77x O (ﬁn)

- (uééxx T unnxx )+ Sy (ufféx T ufnnx ) +11, (uénéx T urmnx )=

Uy = (Tl + U000 )+ (Ueell + Ty m7 +2UepEcm, )

(3) similarly

7

Uyy = (Uggyy +UpT,y )+(ﬁ§§§y2 +ﬁnn’7§ +2Ugp 1y )

(4)

uxy = (ﬁﬁéxy +ﬁnnxy )+ﬁ§§§x éy +ﬁ777777x ny +ﬁ§77 (éx ny +§y nx) (5)

Copyright © by Farzam Dadgar-Rad, Associate Professor of Rational Mechanics, email: dadgar@guilan.ac.ir, Spring 2020 203



By substituting (1) to (5) into (I) we obtain:
14_(5»’7)555 +B—(§»77)ﬁ§77 +C_(§977)ﬁ7777 +5(§:’7)ﬁ§
VE(Emu, +FEMT=G(&n) ()

where A to G are as follows:

A(Em)=AE +BES, +CE)
C(Em)=An; +Bn.n, +Cn;
B(&.n)=2(4&n, +C&yny, ) +B(Exn, +&,1,)
D(En)=A4&,, +C&,, +B&,, +DE +EE,
E(&.n)=Any +Cnyy, +Bn,, +Dn, +En,

F(E,n)=F(x(&,1),y(£,1))
G (&,7) =G (x(&,1).y(€,1))

Define |A=B2-44C|— You can easily check that |A = J2A

= A and A have the same sign (=0, >0, <0)!

.
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QUESTION: How to find (&,7n7)?
ANSWER:  We find (&,n) by setting 4 =C =0

2
Let A(E,n)=AE +BEE, +CEF =0 o >A£§XJ +B£§x J+c 0

3 oy
Consider the curve E(x ,y ) =C ,then differentiate this relation
d=5 a0 + %50y 05 £ dx =&, dy - ox Ay
Ox oy Sy dx

dx dx dx 24

2
_|_
—)A(dlj —Bdl+C=O —> i :B_\/Z — find & and n

NOTE : This relation is usefulif 4 #0

NOTE : The form of PDE in terms of & and 7 1s called the
CANONICAL FORM of PDE.
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NOTE : Alternative, one may divide both sides of 4 by éxz , then

2
A +B(§i)+C(§LJ =0 — use iz—di

éx X X dy
2
_|_
ol —Bdi+A:O—>dx:B_\/K(*)
dy dy dy 2C

NOTE : This relation is useful, in particular when A=0
NOTE : When A=0, as another method, one may interchange
the roles of x and y in the given PDE

DEFINITION : Recall that A=B2 —44C

if A>0 — the PDE is called HY PERPOLIC
if A =0 — the PDE is called PARAPOLIC
if A<OQ —the PDE is called ELLIPTIC
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EXAMPLE : Determine the type of one-dimensional wave equation

2
CUyy —uy =10 or f(x.t)}
SOLUTION : Notice that "t " plays the role of "y "

A=c?> B=0, C=-1->A=B?—-44C =4c*>0— HYPERPOLIC

EXAMPLE : Determine the type of one-dimensional conduction equation

auy, —u, ={0 or f (x,0)}
SOLUTION : Notice that "t " plays the role of "y "
A=a?, B=C=0—->A=B?-44C =0— PARABOLIC

EXAMPLE : Determine the type of two-dimensional

Laplace or Poisson equation V2u (x,y)=u,, +iy,, = {0 or f(x,y)}

SOLUTION : A =C =1, B =0—>A=B?-44C =—-1<0— ELLIPTIC
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CANONICAL FORM OF HYPERBOLIC PDEs (A >0):

2
In this case, the 2nd-order equation 4 (le —B ZL+C =0, has two
X X

dy _Bi\/Z

dx

distinct solutions. So, canbe used to obtain & and 7.

Finally, the CANONICAL form of the PDE is given by u_§77 =H (u_g ,u_77 Ju,&,n)

NOTE : Instead of working with & and 7, one may define

_|_ -
3 277 , ﬁ=5777 — another expression of the

CANONICAL form is given by |ii, —tigg = H (tiy U g1, , )

Note that u(x,y)=u (£,n) =u(a, B)

a:
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EXAMPLE : Obtain the canonical form of

Ay, +5Suyy, +uy, +uy +uy, =0

Yy
Solution: 4 =4, B =5, C=1—>A=B?-44C =9>0— HYPERPOLIC

@;_BiJK_5i3_{1}

%

1,—
dx 24 8 4

d .
— if dl=1—>dy = dx —ieerate >y =x +cy >y ==y —x
X

1 integrate

. dy
—>if —=——>4dy =dx
fdx 4 d
ézy_x_)éx:_la éyzl

n=4y -x -»n, =-1, 1y =4
_du(x,y) _du(&,n)

>dy =x +cy) > chr =N =4y —x

Ux O P :ﬁgéx +ﬁ7777x :_(ﬁ§ +ﬁ17)
Cou(xy) _ouEm) .
Uy = o = o —ugéy +u,n, =ug +4u77
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o _  _ _ _ _ _
Uyy = —g(ug +U, ) =—(Ugely +Ugply ) —(UgpSy +Upptly)
:ﬁéféx +2ﬁ§77+ﬁ7777

o _ _ _ _ _ _
uyy:g(ué 40, ) = UegS) +Ugymy, )+ (Ugyey + U1, )

= ﬁ§§ +8ﬁ§77 +16ﬁ7777
o _  _ _ _ _ _
Uxy = _5(“5 Uy ) = —(Ugegy +Ugply ) = (UgyS, +Upp1y,)

= —(ﬁ§§ + 5ﬁ§77 + 4ﬁ7777)

n

> 3ﬁ§,7 :ﬁn — Let ﬁn =V —>3V§ —V =0

PDE
O o T M i) = e () > = K ()exp(36) = O
yoo3 3 3°7 " o

e 7 [y () exp( X+ 2 (€)= expl5 )y () 4 (E)

= let [kydn=1 @), ky(&)=g(&)

IR u—@,n):exp%é)f (1) + g (&)
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recallthat £ =y —x, n=4y —x >

T (£,1) =exp<§§>f M) +g(E)=u(x,y)=exp(Z ;x ) (4y —x)+g(y —x)

CANONICAL FORM OF PARABOLIC PDEs (A=0):

2
In this case, the 2nd-order equation 4 (dlj —B lerC =0,
dx dx
: ] dy B ]
has only one solution, given by P = A and can be used to obtain & (x,y).
X

Then, any arbitrary function n (X,y) can be chosen for 1,
provided that the roots of £ and n are not the same.
In most cases, choosing n=x or m=y is sufficient. More precisely,

_|x 1if x=01s not the root of =0
y if y=01s not the root of £=0

Finally, the CANONICAL form of the PDE is given by u_,m =H (u_é ’M_U Ju,&,n)
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EXAMPLE : Obtain the canonical form of

4 2 2 4 B
X Uy +2X7y Uy, +y u,, =0

Solution: 4 =x%, B=2x%y2, C=y* >A=B?-44C =0— PARAPOLIC
dy _ B i\/K _ 2Xx 2y 2 y 2 dy dx integrate | 1

—> = —> = >——=——+1C
dx 24 ox 4 x 2 y2 x 2 Y X
1 1 y-—x
—>c=l=———= — we can choose (7 =x
X ) XYy
1 1 1 1
éz____)éx ___29 ﬁy __2
AT X y
n=x ->n, =1 n, =
Cou(ey) _duEnm) . 1
X T T o T o =Ugsy +U,M, __x_zué +u,,
_ou(xy) _duEm)_— . - _ 1 _
Uy = Oy B Oy —ugéy +Upty, _y_2u§
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_ 2 _
Uxx =0 (-5 U +un)_x_3 g~ 5 (UeeCy +Ugnny )+ (UgpSy + U1 )
2 1 2
=g Ue T lUg TUpy ——5 Ugy
X X X
-2
Uyy = (—“5)‘—“5 +—(“55§y +Ugpiy )
0y y y
-2 1
=3 Us F U
Y Y
o, 1 _ 1 _ _ _
Uxy = Y (_xz ug +u,) __x_z(uéééy +Ugpny )+ (UgpSy +Uppy, )
_ 1 ﬁ +Lﬁ
xzyz &é 2 7¢6n
in = -
DE > | x u,m+2(x —y)ug—O
n=x - gzi_L:l_L_)L:L_ézﬂ_)y:L
x Yy ny y n n 1-¢n
| 2
Sx -y =t =pl-——) =~ o1
1-¢n 1-¢n 1-¢n
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4ﬁ . _9 ‘5772 I 0 canonical m _9 577_2 m

n 1—¢&n s form | nm 1—&n 4

— N

CANONICAL FORM OF ELLIPTIC PDEs (A <0):

2
In this case, the 2nd-order equation 4 (dlj - B lerC =0, has two
dx dx
: : B iN-A :
complex-conjugate solutions. So, i = : canbe used to obtain

dx 24
& and 1. However, § and n are complex functions.

Instead of working with the complex functions £ and 17, we define

+ - —
o= ot 1 , p= 3 .77 (or =u) which are real functions.
2 21 21

Then the CANONICAL form is given by

Ziaa +lZﬂﬁ :H(ﬂaaﬁﬂaﬁ)aﬂﬁ)
Note that u(x,y)=u(&,n)=u(a,p)
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EXAMPLE : Obtain the canonical form of u . +x u,, =0 (assume x >0)

Yy
Solution: 4 =1, B =0, C =x2 > A=-4x’ <0 — ELLIPTIC

_)dy _Bi\/Z_i\/—4x2
2

= tix
dx 24
—if dy =ixdx integrate >y :%ix2 +cyp 2 =|E=y —%ix2
— if dy =—ixdx integrate >y :—%ix2 +cy D> Cr=n=y +%ix2
ctn n-c _1 »
— |a= =y, P=7—""=—X
2 . P 21 2
a=y »>a, =0, a, =1
1
ﬁ=§x _)ﬁx =X, ﬁy =0
Ou(x,y) ou(a,p) - ~ ~
u, = ™ - o =U,0, +Ugf, =xug
Ou(x,y) ou(a,p) _ - . ~
uy = o = o =U,0, +tugf, =1,
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o . - - - - -
Uy« Zg(XUﬂ)ZUﬂ +x(uaﬂax +uﬂﬂﬁx):uﬂ +x2uﬁﬁ

_ 0 o y_s - -
uyy—g(ua)zuaaay +U,80) =Uy,

in \ 2~ - ~
g | WUagtlipgg)+tipg =0
_1 2 2 canonical |~ ~ _ -1 .
ﬂ_ax —> X _zﬁ form > uaa+uﬁﬁ—ﬁuﬁ

EXAMPLE : Determine the canonicalform of the one-dimensional

wave equation, and then solve it for the given initial conditions

czuxx —u,; =0, x €(—0,0), te[0,0)

ICs: u(x,0)=f(x), u;,(x,0)=g(x)
BCs : u(xo0,t)=0, u, (foo,t)=0

S

SOLUTION : Notice that "t " plays the role of "y "
A=c* B=0, C=-1>A=B*-44C =4¢*>0— HY PERPOLIC

N\
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dt B +~A 4?1

=+ — > dx =*tcdt

dx 2A 202 c
— if dx = +cdt infeerale o x =ct+C;{ >Cy=|E=x —ct
—if dx =—cdr —2EE 5§ =—ct+C, >CHr=|n=x +ct

E=x—-ct >& =1, & =—c
n=x+ct ->n, =1, n, =c

_du(x,y) _du(E,n)
Ox

Zﬁgéx +ﬁn77x :ﬁé +ﬁ77

* Ox
ou (x, ou(&, _ _ _
heT (8ty): (ain):uiéf”n”t:C(‘“éj+un)
o _ _ _ _ _
U, =g(u§ +Up) =Uge +2Ugy + Uy,
R N D T
utt—cg(un—ug)—c (ugé— u§n+um7)
in PDE

>ﬁé:,7=O

canonical form
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integrate

Uen :%(ﬁn): 0

>ﬁn =k1(77)

over &

> i (1) — S G ) = [y () + K (6)
n

over n

> let [ky(mdn=M @), ky(&)=N ()

general u(é,n)=M (M) +N (E)=u(x,t)=M (x +ct)+N (x —ct)

solution

In the next step, we apply the given initial conditions

u(x,0)=f(x)=>Mx)+Nx)=f () )

OM (x +ct)
ot

N ON (x —ct)
£=0 Ot

%M'(x)—N'<x)=%[M<x>—N(x>]=clg<x)

u; (x,0)=

=g(x)
=0

integrate

from0tox

M )N () =M )= O] == [, g (= )z

let R
O=M (0)-N (0) ~
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9

M(x)—N(x):cljgg(z)dz Q| W

— from (I) and(IT) we obtain

M(x)=ﬂf(x)+clfgg(2)dz +Q}

)

—> M (x +ct)=%{f (x +ct)+clj‘g+czg(z \d +Q}

N(x)%[f(x)—cljjg(z)dz —Q}

— N (x —ct)zé[f (x —ct)_clj‘g—czg(z \d —Q}

u(x,t)=M (x +ct)+N (x —ct)

1 1
:5|:f (x —ct)+f (x +ct)+C—Ix

X +ct

g(z)dz
—ct

|

this is the D'Alembert solution for wave equation.
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QUESTION: CAN WE ALWAYS USE THE METHODS OF
SEPARATION OF VARIABLES TO SOLVE A PDE
DEFINED ON A FINITE REGION?

ANSWER: NO. Notice that
1) The PDE must be linear
2) If the coefficients of the linear PDE are constant real numbers,
then the method is always applicable. Although, it may be too
hard to solve the resulting Sturm-Liouville problem!
3) It is possible to have non-constant coefficients, however the cofficnets
of mixed deriravetives must be separable. Moreover, if u(x,y) is unknown,
then the coefficient of u(x,y) must be of the form F(x)+G (y).

EXAMPLE: The following PDE can be solved by separation of variables:
Ay +B1(X)By(Yuy, +C (v Ju,, +D(x)uy, +E(y)uy, +[F(x)+G(y)u =0
Notice that B=B;(x)B,(y) is a separable function.
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COMPLEX NUMBERS IN CARTESIAN COORDINATE SYSTEM

-A complex number z is defined by |[z=x+iy|in R’

-Real and Imaginary partsof z:  Re(z)=x, Im(z)=y

-Modulus or absolute value or length of z: |r =z |=+/x L y 2

- Note that x =Re(z)<|z |, y =Im(z) <[z |

-The main characteristic of complex numbers is the property |17 =-

Accordingly, if z;=x;+1y; and z,=x,+1y, then

212y =(X1 1y (X Hy)) = (X1Xp = Y1¥2) Hi(X1¥2 + X))

-Conjugate of the complex number z: |zZ=x-1y||z=z

S x =Re(z):%(z +7), ¥ =Im(z)=21—i(z ~7)

— |2Z=(x+1y)(X-1y)=x 2 +y 2 =z |2 —>|r =z |=VzZ

NOTE : sz lo_ 1 X7 _ X-U
) 2

X+iy x—iy x?4y?
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Euler's formula : e“9 =cos@ +1isinf

>elisa complex number z with Re(z)=cosO and Im(z)=sin6

— Let z=¢'? — |z|=\/cosz(9+sin29=1

de Moivre's formula: (e'%)" = (cos@+i sin0)* =e”? =cosn® +i sinn6

COMPLEX NUMBERS IN POLAR COORDINATE SYSTEM

Let be 0 the angle that z makes with x-axis.

The angle 0 is called the ARGUMENT of z: |0=arg(z)

z=x+iy=r( cos 0-+isin0)=re"’

From x =rcos® and y=rsinf — { 5

Z=x-1y=r( cos 0-1sinf)=re I

s |z=re" ||Z=re ™ | > 27 = (reie )(re'ie) =72 =| z |2 (as before)
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Principal Argumentof z: ®O=Arg(z)

The argument 0 in z=e'¥ is NOT unique and can be replaced by 6+2krx
Principal argument of z is the angle ® that takes a value in [0,n] or (0,-7)
If z 1s located in the 1st or 2nd quadrant —» ©® €[0,7x]

If z 1s located in the 3rd or 4th quadrant — ® € (0,-n)

(if z=1+i (1st quadrant) »> @=n/4

if z=-1+1 (2nd quadrant) » ©=3n/4

if z=-1-1 (3rd quadrant) - ®=-3n/4

\if z=1-1 (4th quadrant) - ©=-n/4

EXAMPLE:-

Principal Value of a complex number w : is defined as the value of w obtained

based on the value of principal arguments in the relation of w.

EXAMPLE: Obtain the principal value of w=i'

Solution: we write w=z' with z=i=x+iy=re'®

— x=0, y=1, r=\/X2+y2 =1, Arg(z)=0=n/2 —> z=e'"?

. . . .2
sy w=7! :(em/Z )1 —o! n/2 :e-ﬂ:/Z
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Some Properties of Complex Numbers:

Zl+22 :Zz +Zl ) Z1+Zz :El+22

212y =257 , 212y =717
z |5z =7 . lzizol=lz ]z
Z Z .
L|=Z= Z1221
Z) Z)

Triangle Inequality |z, +z, [<|z{|+ |z, ]
Proof:

2 _
z1+zy["=(z1tzo)z1+2)=(21+2z)(Z2 +23)
=2 T 42,2+ (2129 +T1z5) =z, [F + 12, [* +2Re(z125)
2 2 _ 2 2 _
Sz " +lzo " 2|z 20 =z [P+ 2z |7 +2]21 |25 |

2 2 2
=z " +]zo "2z |z =z [+]22 )
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Complex function : w={(z)
Example: W=f(z)=z2 =(x +iy)(x +iy) = X% — y2 +1i 2Xxy
— —_—
u(x.y) v(x.y)
— (w=t(Zz)=u(x,y)+iv(x,y)|, u(x,y)=Re(f(z))=Re(w), v(x,y)=Im(f(z))=Im(w)

Complex trigonometric and hyperbolic functions :

1 _ fi 1 _

cosh x =—(ex +e ) define o oshz =—(eZ +e )=cosh(—z)
2 similarly 2

: 1 _ fi : 1 _ :

sinh x =—(ex —e ) define , sinh z :—(eZ —e ”° ): —sinh(-z)
2 similarly 2
sinh x sinh z

tanh x = define  4onh z = = —tanh(-z)
cosh x similarly coshz
coshx fi coshz

coth x = — ,de,me »coth z = — = —coth(-z)
sinh x similarly sinh z

1/ ; _; 1 . :
if z =iy —>cosh(iy)=5(ely te ly)zg(cosy +isiny +cosy —isiny )=cosy

: | _; 1 . : :
if z =iy —>smh(iy)=5(ely —e ly)zg(cosy +isiny —cosy +isiny )=isiny
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Let y =is — cosh(i xis) = cos(is ) = cosh(—s) =coshs =cos(is)
Let y =is — sinh(i xis) =1 sin(is ) = sinh(—s) = —sinh(s ) =i sin(is)

cosh(ix ) = cos(x ), cos(ix ) = coshx
%
sinh(ix ) =i sin(x ), sin(ix ) =i sinhx

coshz = (eXHy +e_x_ly)

e (cosy +isiny)+e ~ (cosy —i siny)}

cosy (e’ +e ™ )+isiny (e’ —e* )J

— |coshz =coshx cosy +i sinhx siny

Alternatively
coshz =cosh(x +iy)=cosh[x +(iy)]
= cosh x cosh(iy )+ sinh x sinh(iy)

=coshx cosy +i sinhx siny
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e* (cosy +isiny)—e " (cosy —i siny)}

cosy (e’ —e " )+isiny (e +e )J

— |sinhz =sinhx cosy +i coshx siny

Alternatively
sinhz =sinh(x +iy ) =sinh[x + (iy )]
= sinh x cosh(iy )+ cosh x sinh(iy)
=sinhx cosy +1i coshx siny
Similarly :
sinz =sin(x +iy ) =sin[x + (iy )] =sinx cos(iy ) + cosx sin(iy )

cosz =cos(x +iy)=cos[x +(iy )]=cosx cos(iy ) —sinx sin(iy )

sinz =sinx coshy +i cosx sinh y
—>

cosz =cosx coshy —i sinx sinhy
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EXAMPLE : Find the values of x and y so that sin z=50

SOLUTION: sinz =sinx coshy +i cosx sinhy =50
sinx coshy =50 (1)

~ {cosx sinhy =0—>cosx =0 or sinhy =0

coshy =1
in (1)
if cosx =0->x =2knxtn/2 withk €Z

if sinhy =0—>y =0

>sinx =50 (not acceptable)

if x=2krn—-n/2 Si?nxg)_l >»cosh y =—-50 (not acceptable)

if x =2kr+m/2 Siz)zljl > cosh y =50—>%(ey +e ¥ )=50 (acceptable)

—)%(ey +iy)=50—>e2y ~100e” +1=0—>LetY =e”
e

SY 22100y +1=05Y =e? =50++/50% -1 =50++/2499
) x =2kn+n/2, y =In(50++2499)

— two sets of solutions
{2) x =2kn+n/2, y =In(50-+2499)
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Limit of a complex function at z; 1s written as lim f (z)

Z—)ZO

If the limit exists and is equal to f(z()), then we say that f(z) is continuous at z,.

¢-0 definition of limit: wesay lim f (z )=« if and only of

Ve>0, 36 >0, sothatif |z —zg|ko=>|f(z)-al<e

z—>z,

Derivative of a complex function at z is defined as

f'(z)= lim

[ +Az)-f(z)

Az —0
Az =Ax +iAy =

Az

if Az >0 =>Ax >0, Ay -0

'(Z): lim f(Z+AZ)_f(Z)

= |f
Ax —0
Ay —0

Ax +iAy

NOTE : w =f(z)=ulx,y)+iv(x,y)
=>w +Aw =f (z+Az)=f (x +Ax +iy +iAy)

=u(x +Ax,y +Ay)+iv(x +Ax,y +Ay)
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Cauchy - Riemann theorem on derivative of f(z)at a given point z
in Cartesian coordinate system :
Let w=f(z)=u(x,y)+1v(X,y). If the first partial derivatives of u and v

(i.e,uy, vy, u Vy) exist and are continuous at z, and also the conditions

y’

=v,| and |u,=-v, | (known as Cauchy-Riemann conditions) hold,

X y y X

then /' '(z) exists and is given by |f '(z)=uy+iv,= vy -iuy|

In this case, we say that f is ANALYTICAL at z.
If f is analytical for all z € R’ , then it 1s called an ENTIRE function.

PROOF : Itis possible to calculate f '(z) by the two formula given below:
[u(x +Ax,y +Ay ) —u(x,y)|+i[v(x +Ax,y +Ay)—v(x,y)]

f'(z)= lim Ilim

Ax >0 Ay —0 Ax +iAy
— lim lim [u(x +Ax,y +Ay)—u(x,y)]+iv(x +Ax,y +Ay)—v(x,y)]
Ay -0 Ax —0 Ax +iAy
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Stepl: first apply Ay — 0 and then Ax — 0

) fim AT ) u Gy (A y) v ()]
Ax —0 Ax
=u, tiv, (/)
Step2: first apply Ax — 0 and then Ay — 0
()= lim [u(x,y +Ay)—u(x,y)]'+l[V(x,y +AY)—v(x,y)]
Ay —0 i Ay

=-luy,+vy ()

1)=(1I . . Cauchy —
(DH=UT) >f '(z)=uX+1VX=Vy—1uy RU_M 2N
iemann

u,=-v, (CR2)

uy=vy (CRI
y X

EXAMPLE: Investigate the differentiability of w =f (z)=z =x +iy

SOLUTION: u(x,y)=x, v(x,y)=y

y y=Vx =0 =1 (2=utivy=vy-iu, =1

= f (z ) =z 1s an entire function and f '(z)=1 every where.

=>u,=v,=1,u
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EXAMPLE : Investigate the differentiabilityof w =f(z)=z =x —iy
SOLUTION: u(x,y)=x, v(x,y)=—y

=>u,=l, v,=-1,u,=-v, =0 = CRI1does not hold

y y
= f (z ) =z 1s NOT analytical at any point.
EXAMPLE : Investigate the differentiability of w =f (z)=x 24 y 2
SOLUTION: u(x,y)=x2+y2, vix,y)=0
= u,=2x, u,=2y, vy =v,=0= CRIlandCR2hold only if x=y=0

= f(z)=x2+y? isanalytical only at 0 and /' '(0) = 0.

EXAMPLE : Investigate the differentiability of w =f (z) =z |= \/x 24 y 2

SOLUTION: u(x,y)z\/x2+y2, vix,y)=0

= u, =X /\/x2+y2, Uy =y /\/x2+y2, Vy =Vy =0
— From the derivatives, the only point to be considered is (x,y)=(0,0)

But u, and u, are not defined at (x,y)=(0,0) = CR1and CR2 donotholdatz =0
= f (z)=|z | 1s NOT analytical at any point.
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NOTE : If a function f isexpressed only in trems of z (but not |z| and z*),

then the traditional rules of differentiation are applicable.
SIMPLE EXAMPLES:

f(z)=z" = f '(z) = nz"!
f(z)=sinz=f '(z)=cosz
f(z)=cosz=f '(z)=—-sinz

f(z)=

az +b ad —bc
= /()= _
cz +d (cz +d)

Differentiation in Polar Coordinate system

& Polar version of Cauchy - Riemann conditions
x(r,0)=rcosf, y(r,0)=rsinf,
or X
Ox \/x 242

or y

= =sin 0
0y \/x2+y2

= cos 0,

r(x,y)z\/x2+y2 =
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tan@(x,y)zy 97 >a(9(1+tan29):_y_
X w.rt.x Ox x2

:%:—%00329:— rsm92 c0s2 0 = 00 _ —sin 6
Ox X (r cosB) Ox r
tanQ(x,J/)Zy ayr >89 (1+tanZQ):l
X w.rt.y ay X
:%zlcoszez ! cos’ O = @chose
oy X r cosf oy r
RECALL that [ '(z)=uy+ivy= v, -luy
ou(x,y) _ ou(r,0) or N ou(r,0) 00 —u, cos@—lug in 0
Ox or  Ox 00  Ox r
ou(x,y) _ ou(r,0) or N ou(r,0) o0 —u, sin9+lu9 080
oy or Oy 00 0oy r
1 1

= f "(z2)=u,tivy, =(u, cos@ ——ugsinf)+i(v, cosd ——vysinb)
r r

: : 1 . : 1
= Vy-iuy =, sm9+7v9 cosO)—i(u, sm9+;u9 cos )
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1

r

1

r

compare
real parts
1
=W, ——vy
r
1
= u, =—vy (CRI)
r

b

1

r

V,, Z——MQ

(CR 2)

>u, cosd ——ugsin@ =v ,.sinf +—vycosb

)cos@—(lug +v,.)sin@ =0 (for all 9)
r

Cauchy — Riemann conditions

in polar coordinates

NOTE: comparing the imaginary parts gives the same result.

1

1

= f "(z)=u,+1vy, =(u, cosO@ ——uysinb)+i(v, cosd ——v,ysinb)
r r

=W, cos0+v,.sin@)+i(v, cosO—u, sinb)

=u,.(cos@ —isinf@)+iv,.(cosO@—isinl)=|f "(z)=(u, +iv,,)e_i9

1

1

= f '"(2)=u,T1vy, =(u, cosO@ ——uysmnO)+i(v, cos@ ——vysinb)

Copyright © by Farzam Dadgar-Rad, Associate Professor of Rational Mechanics, email: dadgar@guilan.ac.ir, Spring 202

r

1

r

r

=(—vyg cos@—lug sin@)+i(——uycosd ——vysinb)
7 2

1

r

1

r

=—vg(cosO —isin@)—i —ugy(cosf —isinf)= |f '(z)=l(v9 —iug)e_ie
r

r
1
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f '(2)=u tivy=vy-uy,  (Cartiesian)

) ¥ 1 ) K
=(u,+iv,)e 10:—(V9-1ue)€ 9 (Polar)
r

EXAMPLE: If W=f(z)=z5 then calculate f '(z).

ie)s =r%%? =13 c0s50 +i r> sin 50
— |
u(r.,0) v (r.,0)

Solution: f (z ) = 7 = (re

=>u, = 5r% cos 56, v, =5r%sin 56
=1 "(2)=(u, +iv,,)e_i9 =5r4(00359+i sinS@)e_ie

5 4ei50,710 |5, 4,140 _5,,10\4 _ 5,4

Harmonic Conjugate functions
Consider the function w=f(z)=u+iv. Assume that u and v satisfy the
Cauchy-Riemann conditions.

_ dif x . _

u,=v > Uyy = Vyy udd 5

. _ —— Uy +tu,, =Vu=0
= -V WY sy, =-v >

LY X Yy Xy
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w=v. —YY sy =
X y ?Uxy ™ Vyy subtract _vz ~0
y >Vix T Vyy =V =
if x

Uy =-Vy >Uyy = -Vyx

= |[V2u=V?v=0—> u(x,y) and v(x,y) are HARMONIC functions

It is also said that u and v are harmonic conjugate of each other.

NOTE: Sometimes, we have a function of the form f(z)=u, namely v=0.

It is possible to find a function v, so that the new function f(z)=u+iv
is analytical at the points where u and v satisfy the differentiability conditions.
In this case, we say that we have found the harmonic conjugate of u.

Similar arguments hold for f(z)=1v.

EXAMPLE: If w =f (z)=u(x,y)=x +y 6x2y2, then find
the harmonic conjugate of u.
SOLUTION: We use CR1and CR2 to find v(Xx,y)
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a_V:a_U.:4x3 —12 xy2 int y > V(X,y)=4x 3)/ —4xy3 +C(x)
oy Ox
lov_ éu '
V. :—4y3+12x2y i x >V(X,y):—4xy3 +4x 3y +Co(»)
| Oox Oy

:>v(x,y)=4x3y —4xy3+C or simply v(x,y):4x3y —4xy3

:>f(z)=u+iv=x4+y4—6x2y2+i4xy(x2—yz)

Note that f(z) is an entire function in this specific example!

Elementary Functions or Mappings

+
Often the functions f(z)={az+b, l, z", exp(z), sinz, L §
y4 cz+d

are called elementary functions or elemantry mappings. Notice that

we can add many other functions to the list. In this course, we focus

only on the functions given in the list.

Basically, when we write w=1(z), then w is the image of z under the maping f.
In the sequel, we investigate the image of z under the mappings or functions f(z)

listed above.
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The function or mapping w =f(z)=z+b
Definitely, w is obtained by adding the vector-like complex number b to the

vector-like complex number z. So, a domain D is translated by the amount of
b in R2. Finally, the mapping f(z)=z+b behaves like a rigid body translation

(from mechanical point of view) in RZ.
NOTE: we said in the classroom that complex numbers are not vectors.
However, they posses severeral properties of vectors, in particular when

addition and substraction operations are concerned.

Definition : Conformal Mapping (angle-preserving mapping)
Is a mapping that does NOT makes any change between the angles. It preserves
the angle between any two line elements before and after application of the mapping.

Definitely, the mapping w=z+a is a conformal mapping.

The function or mapping w =1{(z) = az
Write z=rleiel and a=rzei62 =>Ww = az=r1rzei(el+ez)
W |=n1y, =|la ||z | (magnification by |a )
{arg(w )=0,+0, =arg(z ) +arg(a) (rigid rotation by 0,)
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So, the mapping f(z)=az contains both magnification and rotation operations.
The value of z is multiplied by 1, =|a|, and it 1s rotated by the angle 0,.

If |aj>1 = expansion & If |ajJ<l = contraction

The function or mapping w =f(z) =az+b

According to the previous two cases, az+b contains
magnification+rotation+translation in itself.

NOTE: The mapping w=f(z)=az+b is a conformal mapping.

1
The function or mapping w =1{(z) = —
zZ

-

X
u:
. . 2 2
1 1 - - X+
w=ut1v=—=—— .X%y: >2(1y2 m— Y
Z Xty X-1y x +y = -y
L X2—|—y2

EXAMPLE: Find the image of the circle x 24 y 2=R? under f (z)=1/z.

2 2
+ 1
Solution:u:x/R2v:—y/R2—>u2+v2:x Y
R*  R?

So, the image of a circle with radius R and center at origin

i1s a new circle of radius 1/R and center at origin.
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EXAMPLE: Find the image of the line x=a under f (z)=1/z.

u = X = a —> a2 +y
x24y2 g2yl V
Solution : . / /
_|_
-y -y

§|Q

v = = —>V =
2 2 2 2
X+ a” +
y y 2248

y u u

1Y 1Y
U s vav? —u=0—>lu-——| +v?i=| —

2a 2a

So, the image of the line x=a is a circle with radius |1/(2a)| and center at
(1/(2a),0). Notice that the v-axis is tangent to this circle.

is a new circle of radius 1/R and center at origin.

NOTE:similarely, the image ofthe line y=b is the following circle

2 2
u? + (v +Lj = (Lj — radius =|1/(2b) |, center =(0,—1/2b)
2b 2b

Copyright © by Farzam Dadgar-Rad, Associate Professor of Rational Mechanics, email: dadgar@guilan.ac.ir, Spring 202

0242



EXAMPLE: Find the image of the line y=mx+n underf (z)=1/z.

ru_ X B X
x2+y2 x2+(mx +n)

2
Solution : <

o Y —(mx +n)
x2+y2 x2+(mx+n)2
2 9 x2+(mx +n)2 1 mu +v
UtV = 22 2 2
[x “+(mx +n)”] x“+(mx +n) —n
m 1
Sul+vi+Tu+—y =0
n n
2
m \* 1Y m2el m? +1
>lu+— | +|lv+—| = -
2n 2n e 2n

So, the image of the line y=mx+n a circle with radius Vm 24 1/(2|n|)
and center at (-m/(2n),-1/(2n)).
Notice that the ciecle passesthrough (0,0) in the uv-space
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EXAMPLE: Find the image of the line y=mx underf (z)=1/z.

-

- X B X
2 2 2 2
X+ x“+(mx v
Solution : Y (mx) > —=—-m >V =—mu
by - —y B —(mx) u
x2+y2 x2+(mx)2

So, the image of the line y=mx is the line v=-mu in the uv-space.

The function or mapping w = f(z) = z"
0

n _in0

Let z=re? — w=z"=(re'?)"=r"e

So, z" magnifies the magnitude by the power n and also increases the angle

from 0 to n6 (similar to rigid body rotation of magnitude (n-1)6 for any z).

EXAMPLE: Find the image of the first quadtant of the xy coordinate system

by f(z)zzz.
Solution: Definitely, the image is the half plane y >0

(namely, the union of the 1st and 2nd quadrants)
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The function or mapping w = f(z) = exp(z) = ¢”

. . +i ..
Let z=x+iy — w=u+tiv=e”=e*" Y =e™ (cosy+isiny)

— lu(x,y)=e*cosy, v(x,y)=e’siny

EXAMPLE: Find the image of the line x=a under f(z)=¢”
Solution: u(x,y)=e%cosy, v(x,y)=e’siny
> u?+vi=(e?)?

So, the image is a circle of radius e® and center at origin in uv-plane.

EXAMPLE: Find the image of the line y=b under f(z)=¢”

Solution: u(x,y)=e“cosb, v(x,y)=e”sinb

\%
—> —=tan b —> v=tanbu
u

So, the image is a line (RA Y ) with slope an equal to "tan b".
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According to the previous two examples, look at the following
two figures (You can find many interesting examples at the end
of the textbook).

Notice that any line x=a is limited between two values of .

Similarly, any line y=b is limited between two values of x.
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The function or mapping w = {(z) = sin(z)

w=u+1v=sin(z)=sin[x+(iy)]=sinx cos(iy)+cosx sin(iy)=sinx coshy+i cosx sinhy

u=sinx coshy, v=cosx sinhy

EXAMPLE: Let a be a real number in (0,7/2). Find the image of x=a by sin(z).
SOLUTION: wu=sin a coshy, v=cos a sinhy with sin a>0 and cos a>0

u % : .. :
—> ——=coshy >0, =sinh y (v can be positive or negative)
sina cosa
y 2 v 2
_ — = cosh? y — sinh? y=1 (%
sina cosa

So, the image is the hyperbola with u>0 (right branch )in the uv-plane.

EXAMPLE: Let a be a real number in (-7/2,0). Find the image of x=a by sin(z).
SOLUTION: wu=sin a coshy, v=cos a sinhy with sin a<0 and cos a>0

u %
——=coshy <0,
sina cosa

Once more, equation (*) holds. But the image is the hyperbola with u<0

— =sinh y (v can be positive or negative)

(left branch )in the uv-plane.
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EXAMPLE: Find the image of x=7/2 by sin(z).
SOLUTION: u=sin(x/2) coshy=coshy, v=cos (7/2)sinhy=0

But, we know that coshy >1. So, the image is the line # > 1 on the u-axis.

EXAMPLE: Find the image of y=b >0 for x €[0,27].
SOLUTION: wu=sin(x)coshb, v=cos (x)sinhb

=sin(x ), — =cos(x)

cosh b sinh b

( “ j2+( Y jz—sinz(x)+cos2(x)=1—>[u—j2+(v—j2—1(**)
cosh b sinhb ) A B)

So, the image is a full elispe with A=cosh b and B=sinh b

EXAMPLE: Find the image of the rectangle with x e[-7,x]and y €[b{,b,]
SOLUTION: Based on the previous example, the image is the region
between two concentric elipses. The equation of elispses is similar to

equation (*%*).
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. i az +b
The function or mapping w = {(z) =

cz+d
az +b a(z +bl/a) a(z +d/c—d/c+b/a)
cz+d c(z +d/c) c(z +d/c)

_ a(z +d /c) +a(b la—d/c)
c(z+d/c) c(z+d/c)
g+a(b/a—d/c) 1
c c z+d/c
1
Z 4y

=a+f

So, this mapping contains
1) translation by y=d /c

: .1
2) applying the mapping —
v4

ab/a—-d/c)
c

3) multiplication by 3= (magnification+trotation)

4) translation by a=2
c
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Integration of complex functions

The basic definition of integral over complex functions is similar to real ones.

. b <
For real functions: [ = _[af (x)dx = Zf (x ; )Ax ;
Jj=l
For integration of complex functions between two complex numbers z; and z,,

it is necessary to specify the path between z; and z,, that can be described

by a curve C between them, so |/ = ICf (z)dz = Zf (z j)Az

The curve C must be piecewise continuous.

NOTE:If the function f(z) is analytical over the curve C, the traditional formula
of integration can be used (we will see the Cauchy-Goursat theorem in future
that contains more details).

EXAMPLES:

Z, n+1 n+1

1 1 Z, —Z
> [ :Icf(Z)dZ = 2" =22 L

n+1 s n+1

if f(z)=2" —22

1

if f(z)=sin(z) > I = I f(z)dz =—cos(z )| “ = cos Z| —C0SZy
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NOTE : In most cases, if the function f(z) contains |z| or Z,

the traditional formula of integration cannot be used.

Two general methods for integration of f(z) over the curve C

1) express C as y=g(x) with x €[a,b]
S>I=[ f(z)dz =] f (x +iv)(dx +idy)

:I;:jf (x +ig(x))(1+ig'(x))dx

NOTE: since j:f (x )dx :—j;’f (x )dx —> jcf (z)dz =—j_cf (z)dz

2) paramtrize C by a parametert with t €[a,b] (for example the arc-length s)
t=b . ' S
ST=[ fE)dz =| f&@+iyO)(x'@)+iv ()i

EXAMPLE: Calculate I = IC z dz where C is the curve y=x2

with x €[0,1].
SOLUTION: Over y=x2 we have z=x+iy=x+ix2 ,

T=x—ix>and dz =dx +i2xdx = (1+ 2ix )dx
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EXAMPLE: Calculate / = IC z 2 dz where C is the circle |z =R
SOLUTION: We parametrize the circle by the angle 6 with 6 €[0,27x].

In complex form, we have z=Re'? and dz=iRe'"d0.

27
R3

:p 3
o) : :
— [ = IC z 2 dz = I iTOiR 36310d9=i 6319 = T [cos30 +i 511139]‘3” =0

31

0

NOTE: Similarely, we have I i (z -z O)2 dz =0

|Z _Zo|:

Notice that in this case, the relation z-zOZReie hold.

EXAMPLE: Calculate / = R 14
Z |=

SOLUTION: Once more, we write z=Re'? and dz=iRe'%d0

_ 27 iRe'®
-1 = z le:J‘ﬂﬂdezbﬁ
Iz |=R 0=0 R610

NOTE: Similarely, we have I i (z — ZO)_1 dz =2ri

|Z _Zo|:
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2ri if n=-1

NOTE: Forany neR: J- 0 n |
z-z if n#-—

& (z —z¢)" dz :{

0

Types of CURVES in xy - plane (R?)

1) simple open curve*

2) simple closed curve (Jordan curve)*

3) open curve with self-intersection (non-simple open)

4) closed curve with self-intersection (non-simple closed)

(non-simple open)

Types of REGIONS (o DOMAINS) in xy - plane (R?)
1) simply connected*
2) multiply connected*

3) non-connected

NOTE: In this course, we deal with the curves and domains that have been shown

by blue color and designated by a star *.
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GREEN theorem : Consider the simply connected region D in the xy-plane.
If Cis the boundary curve of D, then

08 da

Ica(x,y)dx + B (x,y)dy =HD (5_5 xdy

Cauchy - Goursat theorem :
Let C be a Jordan curve in the simply connected region D. If the function

w=f(z)=u(x,y)+1v(X,y) i1s so that the first partial derivatives of u and v
exist [but NOT necessarily continuous], then _[C f(z)dz =0.

PROOF :

jcf (z )dz ZJC (u +iv)dx +idy) = jC [udx —vdy +i(udy +vdx)]

= .C (udx —vdy)+ij (vdx +udy)

- 0 0
:.ID—(é+7jdxdy +z” (%—7}1’3“1’)/ =0

where use has been made of Cauchy-Riemann conditions.

NOTE: In original Cauchy's theorem, it had been stated that f(z) must be analytical.

But, Goursat showed that analyticity is not necessary.
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Corollaries of Cauchy - Goursat theorem :
(1) extension to multiply-connected regions
(2) curve indepencdence & fundamental theorem of calculus for complex functions

In the sequel, we explain these two corollaries in detail.

Corollary (1): Let C be a Jordan curve in the multiply connected region D. Also,

let I'y to I',, be n Jordan curves inside C. If f (z ) satisfies the Cauchy-Goursat
n
theorem, then _[Cf (z)dz = ZJZIIij (z)dz

Proof: in the classroom.

Corollary (2): Let z; and z, be two poins inside the simply-connected
region D. If f(z) satisfies the Cauchy-Goursat theorem, then _[ ‘2 f(z)dz
Z

1s independent of the curve C joining z; to z,.

Proof: in the classroom.
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— Fundamental theorem of calculus for complex functions

Since _[ “2 f(z)dz 1s independent of the curve C joining z; to z,, then
Z

the function F(z) exists so that [ f(z)dz = F (z,) - F (z,) and F(2)=f(2).
7
Proof:

Let z, =z, which gives F(z) - F(z)= jzz f(£)dE, then F(z)=F(z;)+ jzz f(£)dE

Fasy-Floy . P+ ] @~ F -]l eas

F'(z)= lim = lim
Az =0 Az Az =0 Az
z+Az
f(&)d¢
= lim IZ _ gim 2982 _ 4o
Az >0 Az Az >0 Az

EXAMPLES: see the first slide on Integration of complex functions. Notice that f(z)

need not to be analytic. Only the conditions stated in Cauchy-Goursat theorem suffice!
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Cauchy Integral Formula
Suppose that f(z) is analytical in a given region D. Let C be a Jordan curve in D

I f(©)ds

2ri € £ -z

and z a point inside C, then |f (z)=

Alternatively: for z, inside C we have |f (z) = ! f(z)dz
27[1 C z —ZO
d
> LB < 2mir 2 )
Cz-z
Proof: in the classroom.
z > + 2z / +1

EXAMPLE: Calculate I =| g (z)dz where g(z) =
C Z(Zz—|-4)(Z +3)

and Cis thecircle|z |=2.5
SOLUTION:
Step 1) In the first step, we have to find the POLES of g(z), which are

the roots of the denominator.

denominator=z (z 2 +4)(z +3) =z (z = 2i )(z +2i )z +3)=0
—> Z :O, Z9 :2i, Z3 =-2i, Z 4 =—3areSIMPLEpoles.
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Step 2) We note that {z,,z,, z3} are INSIDE the circle |z|=2.5.

These are the HOLES of the region D in Corollary 1.
Step 3) Let {I';,I',, '35} be three small circles around {z;,z,, z5}
Step 4) From Corollary 1, we have

I = IC g(z)dz :Zi,:lj.rjg(z )dz

22 +2z7 41 224227 +1 22 +2z7 41
_ (z =2i)(z +2i)(z +3)dZ+J- z(z +2i)(z +3)dZ+J- z(z =2i)(z +3)dZ
Iy z I z —2i '3 z +2i

5 7 5 7
Now, let £/ (z ) = z7+2z" +1 Fa(z)= z7+2z +1 an
(z =2i)(z +2i)z +3) z(z +2i)(z +3)

d

z2+2z7 41
z(z =2i)z +3)
Step 5) By Cauchy integral formula
[=27if1(0) + /2 (20) +/35(=2i)]

f3(z)=
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NOTE : f;(0)1s called the RESIDUE of g(z) at z=0. More presicely

Res g(z)= lim z.¢(z) =} (0)

z =0 z —0

Res g(z)= lim (z —2i).g(z)=/»(2i) = 1=2ni) RESIDUES

z =21 z —21

Res g(z)= lim (z +2i).g(z)=f3(— 21)

z ==21i z —>-2i

Differentiation from Cauchy Integral Formula

Recall the Cauchy integral formula f (z) = ! j f)de
2xi € E—2z
Differentiate with respecttoz: [ '(z) = J' f (e)d §
271 °C (£ —2)?
Differentiate with respecttoz: [ "(z) J' f (&)d s
JEETRCRTI
Differentiate with respecttoz: f "(z)= 2x3 J' /(S )d§
2ri 7C (& - Z)
J(6)d¢

For n-times differentiation: f (n) (z)=

2 J.C (f _Z)n+1
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Alternatively: for z inside C we have |f (")(z ) = f (z)dz
C n+l
(z —zyp)
N f(z)dz Zﬂif(n)(z )
C (Z _ n—i—l n! 0
EXAMPLE: Caleulate 1= [ g(z)dz where g(z) = 32 ;1
¢ z7(z7+1)

and Cisthecircle|z [=2

SOLUTION:
Step 1) We have find the POLES of g(z), which are the roots of the denominator.

denominator=z 3(2 24 )=z 3(2 —i)(z +i)=0
z1 =0 1s a repeated pole with multplicity 3
~ {z » =1 and z 3 = —i are simple poles
Step 2) We note that {z;,z,, z3} are INSIDE the circle |z|=2.

These are the HOLES of the region D in Corollary 1.
Step 3) Let {I'{,I'»,I'5} be three small circles around {z,,z,, z; }
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Step 4) From Corollary 1, we have
3
1= gz =305 [ )z

z +1 z +1 z +1
_ 3, .
_I (Z+z)(z l)dz+j z (Z+z)dZ+J' z (z .l)dz
I Z z —1 z +1
z +1 z +1 z +1
Now, letf(z) = - —~=— Jo(z)= 3 and
(z+i)z—-i) z7+1 z7(z +1i)
z +1 , 3
f3(z)= —. Notice that for z” we haven +1=3=n =2

Step 5) By Cauchy integral formula

NOTE : As we mentioned in the previous slide, z; =0 is a repeated pole
with multplicity 3. In this case, the RESIDUE of g(z) at z=0

is given by
Res g(z)= lim z3 g(z)= —f1”(0) ==
— z —>0
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In general, if z( is 1is a repeated pole of g(z ) with multplicity "n+1", then
the RESIDUE of g(z) at z=z, is calculated via the following two steps:

Step 1) calculate f(z)= lim (z —zy)".g(z)
V4 —)ZO
Step2) Res g(z)=L f(")(zo).
Z :ZO n !
ML formula

Integration of special real functions based on complex functions

For example, integrals of the form /| = joo SEX ; cos(kx )dx or
o P(x) . :
I, = j sin(kx )dx provided that deg(Q)-deg(P) > 2 and

0 (x)
O (x ) has not real roots can be calculated by the method of
complex functions. To do so, first write
e PO
0 (x)
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In general, if z( is 1is a repeated pole of g(z ) with multplicity "n+1", then
the RESIDUE of g(z) at z=z, is calculated via the following two steps:

n+l

Step 1) calculate f(z)= Iim (z —z(y)" " .g(z)

z —)ZO

S

Step2) Res g(z)= 'f(")(zo).
n!

z :ZO

ML formula: If |f (z)|<M and L = length(C)=>| jcf (z)dz |< ML
Proof: parametrize C by t. Then z(t)=x(t)+1y(t) with t €[a,b]

=z )=x () +iv (1) =]z = O+ iy () =y 20 +y 20

[/ )z =l | .f (z)z vt |

Sjj|f(z)||z \dt Sij|z | dt

:ij\/x 2()+y ()t :ij\/dx2+dy2 =ijds - ML
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EXAMPLE: In chapter 5, we claimed that S(Lj =, /E e " ‘w‘
2 2 2
x“+k
Prove this formula by integration rules of complex functions (k>0).

SOLUTION: S(f(x)):F(a))—\/_I __oof(x)eiwxdx

k _ P(x)

T o )With P(x)=k and Q(x)=x>+k>.
x4+ X

Note that f(x)=

¢'®? dz  where C is the closed

We first |assume @ > 0|and write | =

1 J‘ k
V2r €22 4 k2
curve that contains half plane y > 0. In fact,C =C; UC, where C; is the x-axis and

C, can be cosidered to be a counter-clockwise semi-circle of radius oo with y >0.So

elCOZdZ J‘ > lCOZdZ
Craz? 4k

. f k
27 9Ciz2 4 )2 27
k

Over C,, we have |z |—oo—>j —2€’wzdz = 0.
Cazs4k

NOTES:1) This can be also proven by ML-formula.

2) for z=iy with large values of y we have lim e¢'®? = lim e ® =0
z =1y y —>+0
y =40 >0
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ey ——j __Oof (x)e'® dx = F(w).

B 1 J‘ k
N2 C122+k2

Now, wereturn to 1=F(w) = e'®? dz and calculate it

\/ﬁ IC 22 +k?

by the integration rules of complex functions.

Step 1) We find the POLES of the integrand.

denominator=z %2 + k2 =0 — {Zl =ik is. y sir.nple pole
z 5 =—ik 1sa simple pole

Step 2) We note that z; 1s INSIDE the curve C.

Step 3) LetI' be a small circles around z;.

Step 4) From Corollary 1 and Cauchy integral formula we have

I =F(w)= e V7 dz = ! IF 2k e! 7 gz
z

\/_Iczz+k2 V2

kelCOZ

J‘ - 4k dr —omi 1 ke ®* _ 2mi [ kel @UF) :\/Ee—ka).
\/ I' z —ik 2|z +ik - N2 | ik +ik 2
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In the next step, assume »<0. In this case, we have to write

i(OZ dZ
’

IC 2—|—k2

where C is the closed curve that contains half plane y <0.

In fact,C =C; UC, where C; 1s the [-x |-axis and C, can be cosidered to be a

counter-clockwise semi-circle of radius oo with y <0.So

J. 5 10z dZ J‘ 2 ZCOZ dZ
Cr -2 4 C2 224k
_ k oz .
Over C,, we have |z |=00 — . T3 A dz =0.
Crze+k
In particular, for z=-iy with large values of y we have
lim e'® = lim e ® =0
z =1y y —>—0
y —>—© <0

Now, z,=-1k 1s INSIDE the curve C. Let I be a small circle around z,.

From Corollary |l and Cauchy integral formula we have

iCOZ dZ

_ _ ia)z .
[ =F(o)= .[c 2+k2 dz = Jr 2+k2
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keia)z

= F ()= —— [ 2=k gz = oni 1 [ ke
N2 'l z +ik 27|z —ik I
Py i w(ik)
_Jzzll(k?k .kJ :\/gekw with k >0, o <0).
T\ —IK —1

\/ge_kw if >0

=1 =F(w) =+ :>1=F(60)=\/§e_kw

\/gekw if w<0
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Complex Series

The relation S=z,+z, +...=Z ”

Z. 1 mplex series.
_1Zn 1s a complex series

(Taylor series (around z)

Well-known complex series < MacLaurin series (around z, = 0)

KLaurent series

Taylor series of a real function f(x) around x|,

£ () =1 (x0) +f (xp)x —xO>+%f "(x0)(x —x0)2 ...

=Yt Do) —xp)”

Taylor series of a complex function f(z) around z [/ must be analytic a z]

£ () =1 (20)+f '(z0)(z —zO>+% 1 "(20)(z ~70)% + ...

=Yg S D) - 2)"
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Often it 1s written that f (z) = ZZO:OK,,, (z —z¢)", with
f(z)dz
(Z . ZO)VI +1

where C 1s a circle centered at z, that cotains z.

by, o]
Kn_n!f (ZO)_27zi-[C

MacLaurin series of a complex function f(z) around zy =0
[/ must be analytic a 0]

f(z)=F(0)+f (0)z +%f ")z .=y

s 1

£z

n=0n!

or
f(z):Z::Oann, with

1 (n) 1 f(z)dz
Ky = SO = [ =

2 n+l

where C 1s a circle centered at 0 that cotains z.
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EXAMPLES: MacLaurin series of several functions are given below

1 ; D" o
sin(z)=z ——z +— =
) 3! Zn 1(2n 1)v
I » 2n
cos(z)=1—-—z +—z =
(z) 2! Zn O(2n)'
1 2 3 o0 n_n
=l-z+z -z " +...= -1)"z
1+z Z”:O( )
sinhz =z +iz3+— —Z z2n-1
3! "= 1(2n e
cosh(z):1+izz+iz4+...:ZOO_ z 2"
2! 4) n=0(2pn)!
tanz =z +lz3+325+1—727+...
3 15 315

We now prove the latest formula in the classroom.
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Application of complex series in the evaluation of complex integrals

EXAMPLE: Calculate | ﬂdz

2 |=1
Method 1) using the Cauchy 1ntegral formula

Method 2) using MacLaurin series of cos z

I » 1 4
COS Z 1—2'Z ‘|‘4'Z + ... 3 1 | 1 |
I = —dsz ' : dZ:I z "——z " +—z +..)z
zi=1 L3 =1 iE =1 200 a4l

= (- 2%)(2721’ )= —Ti

EXAMPLE: Calculate j taLa’z

2 |=1

3

We use MaclLaurin series of tan z from which tanz~ is obtained

3,1 0 2 s 17 o

tanz3 z + + ...
]:J‘ —dsz 3 15 315 dz =
z|=1 16 1z |=1 , 16
_ _ _ _ 4
:j J3-16 1 o6 2 us-16 17 21-16 g _( )(27”)_ i
|z =1 3 15 315
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